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MATIOFAL ADVISORY COMMITTEE FOR AERONAUTICS

TECENICAL XOTE NO. 998

NUMERICAL PROCEDURES FOR THE GALCULATION OF TH3

" 8TRESSZS IN MONOCOQUiS
III .. CALOULATION OF THE BiNDING MOMENTS IN FUSELAGE FRAMZS

By N, J. Hoff, Paul A, Lidby, and Bertran K{ein

SUMMARY

Y

This report deals with the calculation of the bending
moments in and the distortions of fuselage rings upon which
known concentrated and distridbuted loads are acting. In the
procedute suggested, the ring 1as ‘dividsd into-a number of:
beams each having a constant radius of curvature.. The forces
and moments caused in the end sections of the beams dy 1indi-
vidual unit displacements of the-end sectlions are listed in
a tadble designated as the operations table in conformitv vith
Southwell's nomenclaiure.

The operations table and the external léads are eéquiva-
lent to a set of llnear equatione. For their solutiom the
following three procedures are presanted:

1, Southwell's method of systematic relaxatlions, This
1s a etep-by-step approxiuation procedure guided dy the phys-
1cal interpretation of the chanres in the values of the un-
knowns. . .. ;

2. The growing unit procedure 1in which the individual
beams are comblned successively into beame of increasing
length until finally the entire ring becoumes a single beam.
In each step of the procedure a set of not more than three
simultaneous linear egquations is solved.

3. Solutlon of the entire-set of simultaneous equations
by the methods of the matrix calculus -
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In order to demonstrate the manner in which the calcula-
tions may be carried out. the following numsrical examples
are worked out: .

1, Curvesd beam with btoth its end sections rigidly fixed.
The load 1is a concsntrated force.

Zgg-shape ring with symmetric concentrated loads

Circular ring with antisymmetric ooncentrated loads
and shear flow (torsion of the fuselage)

Samme with V-braces incorporated isa the ring

Zgg~-shape ring with antisymmetric concentratsd loads
and shear flow (torsion of the fuselage)

6. Same with V-braces incorporated in the ring

Tho relultu of these calculations are checked, whenever
possidle, by calculations carried out according to Pnown
methods of ana‘vail. The agreement 1s found to. te rood

The amount of work necessary for the molution of ‘ring
problems by the methods deréribed in the present report is
" practically independent of the degree of redundancy of the
structure. For this reason the methods are recommended for
use particularly {n prodblems of rines having gne or more in~
tornal ﬁracing elementl.

-INTRODUCTION

P

" The methodd and the formulas used in the analysis of

monocoque aircraft structures have been developed almost in- '

variably for crlinders of c¢ircular, or possibly elliptic,
crosk section and of uniforn mechanical properties. Yet, in
actual aircraft such etructural elements .are se¢ldom, .if ever,
found., Unfortunatély, tre direct methods of analyeis are
11ttle suited to cope with probdlens involving complex croes-~
sectional ahavee, irregular distribution of reinforcinzg ele-
mente, .concentrated .loads, and cut-outs., It is believed
that the indirect methods recently advanced .by Hardy Cross,
and particularly by R, V. Southwell, (refurences 1 and 2)
promise a solution of such problenms,

o it b T kA B e
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fho fnndameqtnl ﬁnltlttcatlon for thll lndrrczt approach
lies in the comparativie “edse with which smnelaes ‘‘n a 20m-
rlax strurture can-bzsnliulated 4if, they are caused by some
stipulated simple displacement, while the.determination of
the stressses and displacehents caused dy.kmown external loads
is oftsn very difficult,; or even impossible. The calculation
of the stresses in a-sfinll unit of the structure corrssponding
to given displacemerte is known as the funit prodlem" in
Southwell's relaxa¥ion ‘method. In this method the individual
displacements involved ir the unit prodlemernrs etmdined dy a
trial-and-error prvcedufe u1til a.displacemert pattsrn of the
entire estructure is found that corresponde to an eauillbrlum
of the irternal’ utre%ucs And the lxternal lonéds over the ep~— -
tire, structure. SRR . riot

D N

In parta I and- FI° (references 3 and 4) of the preuent in-
vestlggtion a cornvenfent unit prodlexm :was deviged ‘and solved
for the purvose .0f calctilating the streseses ir sheet-and-
stringer. combinationg. Furthermore, a systematic procedure of
combining the individual operations,was developed which re-—
sults in g rapid approach to the actual state of distortions
caused y the knpwn loade acting upon the structure. The:
ltre-ses calculated by thie procedire were found: td be in
reasonable agreement with tnose measured in experiments.

In the present report the 1nd1rect method is applied to
the caIculatlon qQf the-bending mémente. in rings (frames) upon
which kn0wn extern&l koads arc acting. It .ie .planned to dis-—
cuss in theé futurc the stress problem of monocogue fuselages.
which are combinations. of rings' nnd stiffened curved panels,

In the coursc of the present investigations it was found
that thc calculations neccssa?y for the solution of the unit
problems are rather laborious ZFor this remson the solution
was worked out numerically and the results nre presented in
graphs and tadles in part IV (reference 5). Moreover, it .
tursed out that in many ring problems it is difficult to pre—
dict the most likely displacement patterns and the order of
magnitude of the.displacements. This fact was not antici-
pated at the beginning of the present investigations since in
the earlier work it was found that the displacements of rein-
forced panels could be predicted with a reasonable degrece of
accuracy. It appears that with rings the difficulty lies in
visualizing the amounts of rotation of the end sections of
the individusl aree, and to some extent the tangentinl dig—
placemsnts, while 1t i@’ pogslble ‘tc anticipate comparatively
well the radial displacement pattern. On the other hnnd, the
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interaction between rotations, tnnggitinl displacements, and
radial 8ieplacemsnts is very strong, and the final bending
moments, ' shear forcee, and normal forces in the sections are
often the emall-differencse of large values caused by the in- - ..
dividual distortione. Unfortqnately. the Southwell procedure.
becomes very slowly. convergent; that {s, 1t yields the .correct
final results only after.a very great number of 1individual Co
operations, if the stepe in the relaxation -~ or the individual
dieplacemente -~ are undertaken at random, without a precon=-
celived pioture-of the final pattern of deformatione,

En order to qveroome thls difficultv. a procedure-has
bsen worked out which might be termed the "procedure of the :
growing unit.® In it the structure 1e dbroken up into unite, .,.
the unit problems are solved, and the operations table is set ~
up in the same manner as was suggested by Southwell, On the
other hand, the eolution of the stress problem by the trial-
and-error procedure of the method of systematic relaxations
1e replaced: by a procedure 1nvolving ‘the combination of the
individual. units 1nto units of increasing size. The external
loads are balanced then by uolving sete of two or three simul-
taneoue linear: equaxione 1nv91ving the influence coefficients
of the large units. The new proccdure 18 reasonadbly eimple
and fast, as may be seen from the numerical examples contained .
1n the body of the .paper.

Finally, the eiamples presented in thie report were aleo
calculated by considering the so-~ ~called overations table of
the-Southwell ‘method as a,set of eimultaneoue linear equations,
and solving it by the uge of the matrix calculus. In the ap-
pendix a gimnle explanltion is,glven of the matrix calcula-
tions neceseary for the colution.w .. -

For the underltanding of the’ préecnt report familiarity
wlth the Southwell and the Hardy Cross, methods. or with parts
b and II:of this 1nvesttgation le not required.

Thie investigation, conducted at the Polvtechhic Inetitute
of - Brookivn, was gporsored by and’ conducted with the finanntal
aacin&ennc of. the Jational Advinorv Comnittee for Aeronauttql.

) ] "1 FREE fm e )
se el s.m.o;‘s.‘ E
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qroea-eectionwL aren of bvar; ‘or s point on a ring..
the included drea'c? & ring;: or "a matrix-
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effective ghear area {based on tension)
lever arm of shear flow
c{ a, e, r, 3 natrix coe{ficients
D, E Points on a ring .
Young's modulus of elasticity
shsar modulus
moment of inertig of cross -section; or ldentity natrix
matrix coeffioient
.gpyglpped length of ring segment
bending moment; or g natrix
'”’L'end mohent Teacting on Jbar or on congtraint

. lhear flow acting elong bar

end radial reaction acting on bvar oTr on constraint

radius of curvature of a ring segnent

end tangentin} reaction ucting on dbar or on constraint;
or npplied torgque

N

strain energy

displrcemont of a point in tangential direction.

displncemert of a point in radinl direction

shear force acting on a cross section

rotation of 5 scction of n bar; or an unknown qQuantity
rectangulary coordinnte; or an unknown Quant ity

an unknown quantity

angle subtended by ring ssgment
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¥ section~length paramotor.(AL’/I) C . » .
4 determinant . v
k =1+ (g%/v) [(21/8) + 1) Co '
A =1 - (BF/V) [(1/8) + 1] ' ' :
v = (6/2) B ' |
£t = (A*/A); or anguler coordinate _ ‘ ) ?
P angular coordinate , . i
w rotational coordinate . - i
The symbols used to denote¢ influence coeffigien;s are de—i %
{ fined in the following maniier! * 0o ! ]
3 The term (ab) stands for thé force or'moment -a caused 1)

by a unit novement in the direction of b (which direction
1s_that of the force R or T, or of the moment F). Thus
(Zn) is the moment due to a unit rotation, while (tr) 18 the

-—

-
© ARty .
-
.

tangontial force arising from a unit radial’ displacenent, e
Further, to distinguish. the renctions at the fixed end from )
those at the novatle end, the subseripts F and I! are om— - ¢

ployed, Consequently (nt)- is. the moment arising at the fixed

3 end of the curved bar as a result of @& unit tangential dis— .
¥ pXdoement of the ‘movable-.ernd, while (tt)" stanés for the tan— 5
.. gential force at the covable cnd due to.a unit tengentinl die— i
: placement of that end, !
! . 3
g The moment, randial force, and tangential force causcd dy }
f e constant shear: flow are denoted.by the symbols nq, rq, and é
f- tq, respectively. The values are valid for the end of the g
3 bar toward which the shear fiows, At the opposite.end.the . *
: reactions conaidered here nare acting from the suppnrt upsn the M
¢ curved bar, . .. . ¢
* Bt SRR §

DEVELOPH&NT OF THE RELAXATION HETHOD WITH THT AID OF AL EXAMPLE

A

. Tha Structure" o ’ o

v"v . ,

The structure used as.an example .in the developmcnt of
the procedure is shown in figure 1, It is & curved beam of
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square cross section'which-may be thought. of as an asssmbly
of two cantilever:quarter_ circular:beams AB. and AC Joined
rigidly at point A. As each of the two curved beams could
support. by itself the 100, pound load applied at A, the dis-
tribution of the load to the 'two beams cannbt-be determined
by the laws of statics alons., Ths problem is three times re—
dundant, since the anknown stressss in' thc ckoss section at

A 2dd up, in general, to an unknoWwn normal force,:an unknown
shsar force, and an unkanown moment in the plane of the circles.
There cannot be any force and moment'‘resultants perpendicular
to the plane, sincs the exterpel. 1oad acts in, the plane of the
curved beam.

The problem of the load distribution can be solved orly
by taking into account the dsformations of the structure.
This can, be done conveniently if the structure is considered
cut at A and the deformatiors of each ‘quarter-circle are
calculatsd indspendently. When these calculations are com—
ploted, the continuity of the actual structure .can be re—es—
tablished without Aifficulty through a proper choice of the
unknown moment and forces ,in section A, as will be shown
later.

v Unit Problem S

The structure is broken up into two units; namely, the
quarter circlese AB nand AC,. The unit problem. consists in
firding ths tangential (rormal) farce .T, the radial (shear)
force R, nnd the moment U (see fig. 2) under the action
of which the free end poirt A of the unit undergoes any pre—
scribed displacement wu in the -x direction,: v in ths ¥
direction, and any prescribed rotation w, which latter is
considered positive if it.is. counterclockwise 1like w. .The
unit problem can be solved best by calculating first u, v,
and w csused by unknown forgas Tﬂ and . R,‘ and an unknown
noment N, and.determining the unknswns mftqrands 8% A8 to
obtain the presgribed values of the- dinplacqments and the ro—
tation. In conformity with standard practice sxtensioral and
shearing deformations will be neglected, since they are much
smaller than the bending deformations,

The bending moment M ca -ed by T, R, and ¥ in a ssc—
tion of the curved beam defined by the angle ¢ (see fig. 2)
is given by . .

M =1Tr (1 ~ cos ) + Rr sin o + ¥ (1)
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The relative rotation dw of two normal sections of the
curved beahh an infinitesimal distance ds apart

v = uqs/(m) : Mrd ¢ /(EI) , (2)

Since poiﬁt B 1is fixed, the rotation wy of point A. cen
be calculmted from the intcgral 4

n/a
Wy = f Cur /(1)) a9

[ .
Substitution of M from equation (1) and 1htegr£tion yields

A= (r/EI){[(nlz) ~ 1] By + By # (n/am} (3)

When the infinitesiumnl element of the beam at ¢ under-
goes a rotation dw, point A is displaced on infinitesimal
distance du in the x direction, where

— —— T a—

du = r(1 — cos ¢ )dw (4)

With B fixed, the toatl displacement uy of point A in
the =x direction beconcs

. . G 5 5 ¢ v

n/a . n/z ' 3
up = f ‘du. = (r*/EI) [ M1~ cosop)de
b': ~1 .° . e "

"

Substitution nnd 1ntegrntion givee i i ”

U (ral“l) {t(s n/4) - 2] Tr + (1/2) Br + [(n/?) ~1}3 }

dhsn the 1nf1n1tesimal element of the beam at ¢ under—
goes an infinitewisdal rotation dw, point A is displaced an
infinitecimal:ddstance: dv in the y directlon.

fuents L ldv = p edn g dw (8)

. 't ’ 3
Considerations similar to those stated before give

n/a C ' n/= ’
YA =f = (r®/E1) [ Msinedeg

o
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and E : : FASE
v, - (f/m){(x/g) s e (if4) Rr + N} (7)

The task of determiming the ‘displacementd of the .erfd:
section A caused by the forces T and R and the moment
¥ has thue been completed: The Pproblem must ‘now be inverted,
and the valuses of T, R, and ¥ must be calculated that
cause prescribed 'dietortions - ug,' w4, and wy. This calc¢ula-
tion can be carried out by solving the three eimultaneods
equations (3), (5), and (7) for the unknowns T, R, and X
when thé valuee of uy, vp, and ‘wy are given., In computa-

. tgqns that follow later in this report it will be found con-

veniqnt to have the uolutiona of three unit problcms characq
terized 'by the following groups of prescribed distortions: e |

(a) u, = 1 vy = 0 wy = 0 !
o (v) uy = 0 ' va -1 : wi'a-O- y < |
s . b .... - . 1
(e) uy = 0 va=0 . wy =1

The numerals 1 denote unite in any convenilent .and consistont
syvetem of distances and angles, . .Y

‘ The solution of eguations (3), .(5), and (7) correeponding
to values (a) of the distortions is

T = 42.87 (BI/r3) R = -39.37 (EI/r3) ¥ = 9.484 (EI/r?)

When values (b) apply, the solution is

T = -39.37 (EI/r®) R = 42.87 (21 /r3) ¥ = _1h 03 (EI/ra)

"oy
. -

When values (c) applv “the solution i
’. : E o QL2
T = 9.484 (E1/5®) 'R = k.03 (81/r2) ¥ < 5.449 (EI/r)

iy 4

In comnuting the abovu valuee a calculating machine had to be
used, since small differences of. large numbers had to be de-
termined.,  The values can be verified by: subatitution in equa-
tions (3),:(5), and (7) respectively.

In subsequent calculationa. use will be made of quanti-
ties denoted as "influence coefficients." Influence soeffi-
cient €t 1is defined as the tangential force T caused by a
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unit dilplaco;gnt in the tangentia) (t) direction: influence.
coefficient angential force caused by a unit
displacement (r)'ditéction; rn denvtes the
radial force caused by a unit rotation (ip the n direc.
tion); anda ¢, forth. With thi, hotation the solutsop of the
unit Problems may be stated concieely ag y s

e

tt = 42,87 (215 | 6 . =39.37 (B1/r%)  Ga = .9 404 (B1/r2)
3o i N v :
.o 42,80 ABI/E%) . . L1803 (B1/r%) "W = 5.449 (B1/r) (8)

v [ 2 —~ —~ :
Influonce coefficientg rt, nt, are not listeq, The rea-
8on for the omigsion ljeg yp the équalities -

B - 6@

The vﬁiidity of equationg 15).follows direétly from the expreg-

eionn_fiven earlier as the eolutions of €quations (3),
and (7),

(1/2)*/12 = 0.0052 ingh*

8 of 24S.T aluminum,alloy is given ag . 10.5.x 10°¢
= e

*,

= 54,600 pound-inchsg? (10)

With beam AB . T

Bl /> =.5460 inch-pounde BI/r® - s4¢ pounds EI/r® $4.6 pounde
B v ver 'inch

Consequently, .

tt = 2340 pounds Per inch ; = ~2146 Pounis per inch
th = 5170 pounde ) . T 2340 poundg per ineh)(11)

) . . : Ry
rn = -71;0 Pounds : 1R = 29,700 ;gcgﬁpounds

With beam 4C
senses of the tangen
as shown in ‘figure 3,
and the rotati




NACA TN No, 998 11

moment:... Since the radius of thie bean ie 20 inchee, the in-

fluencq coefficiente have the valuee

tt = 292.5 poundo per 1nch tr -~268.5 pound per inch 1

292.5 pounde per inch ?(12)

£n = 1292 poundl per radian rr

fn -_1777 pounds per radian an = 14,850 inch-pounde perl
3 i radian

The Operatione Table

It-is poseible now to consider the effeét of dieplacing
point A wupon the complete etructure. 'Sinte in the complete
etructure there ie no cut through the curved beam at point A,
end point A of beam AC 4{ie alwaye dieplaced in tho eame
direction end ‘through the same distance as ie end point A of
beam AB, A simple "unit operation" ies defined ae a unit dis-
placement in the direction of one of the three dieplacement
coordinatee (tangential, radial, rotational) while the other
two dieplacemente are held unchanged. The forcee and the mo-
ment caueed at point A during any unit operation can be
easlly calculated with the aid of the influence coefficiente
given in the preceding article.

In order to dieplace point A 1 inch in the tangential
direction and in the positive senee indicated in figure 2,
the following forcee and moment have to be applicd to point
A of bar AB:

T = 2340 pounde R = ~2146 pounde N = 5170 inch-pounds

In a similar manner the forcee and momente can be calcu-
lated that are necessary to dieplace end point A of beam AC
1 inch 1n the tangential direction. It 18 advantageous to
adopt the same slgn convention for the forcee and moments at
A independently of whether they are derived from beam AB or
AC. If the sign convention of figure 2 ie ueed, the positive
unit tangential dieplacement of point A of beam AB carre-
eponde to a negative unit tangential dleplacement of point A
of beam AC in the evetem of coordinates shown in figure 3,
Moreover

Tac = =Tan Rac = RaB Nac = -NaB

where the eubscript AC refere to beam AC and the coordi-
nate syetem of figure 3, and eubecript AB to beam A3 and
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‘the ccordfnidts lylten of “figure ‘2. Hdnce the following forcee
and moments are necessary in ordsr ‘td caues point A of beam
AC to displece 1 inch to ths right: , | . . :

.
e

T = 292.5 popngl_ R = 268.5 pounds XN = 1292 inch-pounds

2o renem e

Altogetner, the following forcee nsed be applied to point
A to dilplaee 1t (and conrequently ths ende of both bars 'AB
and AC)'1l inch to the right:

T = 2632.5 pounds R = -1877.5 pounde N = 64f2 inch-pounds

The effect of a unit disnlacement in thé pohitiyé radial ﬂ
direction can be obtained in a similar manner. Beanm AB' re-~ :
. quires . k]

T = -2146 pounds R = 2340 pounds N = 7110 inch-pounde

With the system of coordinates of figure 23 the forces and the
monents necessary to move point A of beam A0 1 inch upvard
are

S A e S

T = 268.b6 pounds R = 292.5 pounds N = 1777 inch-pounds .

Altogether,

"'+ % = -1877.5 pounds R = 2632.5 pounds N = -5333 inch-pounds

Finally, in order to rotate end A of bar AB 4in the |
poeitive N direetion through an angle equal to a radian, the
followingiforces and moment must be apoliid to point A of
bar AB:

T = 5170 pounde R = -7110 pounds’ §'= 29,700 inch-pounds

With the eign convention of figure 2 bkr: AC requires for the
-same rotation

T = 1292 poundl R = 1777'pound§"_N -:{4,850 inch-pounds b

thogether

T = 6462 poundse R = -5333 vounds N = 44,550 inch-pounds

It might be amentioned that all the values Just calpulated U
are fictitioue in the eenee that they would be the actual val-
uss of the forcee and moments only if the limit of proportion-
ality of the material worc higher than the streceses caured by

L
o W Rl
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the forces and moments, and, 1f the large dletortions did not
affect.the equtlibrium. If, ‘however, both the forces and the
displacements are’ dlvld a py. sAy, ‘100, ‘'no‘objections can de
raised against’ ﬁbo vali 1tv of the dath Just caiculated.

The reaultl of'the eaibulatlonl are summarised in the"
table that, tollov-x :f".. .

3.
..

4 . .ty e T

" Table'1iy:Operdtions Pdble’

LRI 5 o - vt o . g

‘Operatign ,” . (1v) . (1v) (15.-13)’

w e linegh’ | -2683.5 °  +1877.6 = -64632
vel inch +1877.5 T -2632.5 +5333
LA 1 radiln -6462 . +5333 —G i EER

The tiﬁio 1s‘khown as the "operations table." In it the
forces and moments previously calculated appear multiplied by
(-1). In other words, the forces and moments listed are not
those ,to be applied to the structure at point A in order to
cauese tho preleribed dietertionl. but their reactlonl.

. 0 . N
i v

L Relaxatlon Table

* The operations table will be’ uaed now in 6rder ‘to estab-
lilh the distorted shape the structure: of figure 1 assunes
under the action of the 100-pound load applled at point A,
It 48 convenient to Aimagine that a rtgld wall” 1'g"arranged be-"'
hind the structure parallel .to the plane of the curved beam,
and that by a clamping device the beam 1e riglidly attached to
the wall at point A. Moreover. the external load may be
thought of as being suspended from the clamping devicde.

The structure in ite original, nondistorted form and the
external load are thue in equilibrium, as long ar the clamp
and the wall are there, It 1s the purpose of the "relaxation
procedure” to transfer the load from the "constraints" - that
1s, from the wall and the clamping device - to the curved
beam in a number of euccessive operations during the course
of which the beam gradually assurmes its final distorted shape,
A record of the individual operations is kept in the so-called
*relaxation table" (tabvle 3),
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In the firet row of the relaxation table the external
loade are listed. In the present example the only external
load 1s the 100-pound load which acte in the negative radial
dircotion i1f, as before, the sign convention of figure 2 ie
hdopto& ‘ Inspeotion of-the.operations table reveals that op-
.eration 2 1e best sulted for balancing the vertical load.
Consequently, thé olamping device 1s loosened in a manner to
permit a vertical translation of section A witlrout allowing
it to translate horiszontally or to rotate. Since, according
to the operations tabvle, l-inch displacement upward would
-cause a vertical downward force of 2632.5 pounde to act from
the structure upon the olamping device, a downward (negative)
dieplacement v = 100/(-2633.56) = -0.038 inch must be under-
taken, The secord row of the relaxation tatle 1s now fillsd
in with the valuees of the second row of .the opsrations table
imultiplied by (-0,038). It may be seen that operation Just

ci..ugdertakeni namely, the vertical downward displacement of

0.038 1inch, caumed the curved beam to exert upon the con-
straint a vertioal upward force of 100 pounds, -Thie force
blln1oe| the applied load,

Unfortunately, however, the digplacement aleo caused
the curved beam to -exert tunon the constraint a horizontal
force of 71 pounds to the left, end a. clockwise moment of
202 inch-pounds. Thus, the vbrticel‘forces are balanced, bdut
a wew undalanced horizontal forece, and a new unbalenced moment
mre” introduced. The system;” 0f course, is in equilidbrium,
esince the clamping device and the rigid wall - that is, the
eonstralnt -~ take care of the horisontal force and of the mo-
ment, The purpose of the réldaxation procadure, however, is
to approach gradually a state of distortions in which artifi-
olal constraints are not needed for equilibdrium, It is: 10
yrerative;, therefore, to balance out the new unbalancéd force
and:moment. However, before any further steps are undertaken,
the clunpins devlco,mu-t again'bo tightoned conplctoly.
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Table 2.- Relaxation Tabdle

° * ! R
L (1v) ’ (1)
g 3. .

Rxternal forece...: 0 =100
=71 109

-0.038 x [2] S

-0.0237 x 1]

Sinee x 12

FRSICPO o I %)

s"1.~_:-_-'«_-.,_;,. T
-Q0337 X 1L, ¢ .

LI BRI 2 A -t S
-0.'009.9 ™ [‘23 e

T e :
«0,00722 ' “[E]: 1oy
S L A O L

T v T }

-0.00832 % [a] "¢

-0,0038 X [1].....;

r. .

-0.G0266 x1[2)

'y

0.000696 x (3] .

-0,0C0242 x

0.000493 x
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The undalances are the nlgﬂrnic ‘sums of correevonding
valuee in rove 1 and 3. They are lieted in row 3, under the
daehed 1ins.. The queetion arises now whether T or X
should be balanced first. 3ecause 1t 1s expected that the
£inal dietorted shape of the structure will iavolve conelder-
adle horigontal and vertioal translations of section A, Ddut
only a elight rotation, 1t is advantageous to concentrate
firet on the cancellation of the unbalanced forces rather
than of the moment. Tor this reason, operation ) le now un-
dertaken. The clamping device 1s again loosened, but now in
euch & Mmanner ae to vermit a horigontal displacemsnt, but at
the same time to disallow any vertical translation and rota-
tion. The eneuing horisontal motion will come to a stop when
u = 71/(~-2632.6) = -0.027 inch. Kultipliecation of the values
lieted in the firet row of the operatione tadble by -0.027.and
eudtraction yielde the remaining undalanced, or "residual,”

quahtitiee recorded in the fifth row of the relaxation tablei -

Agoording to the f1fth row there are no horizontal un-
balanced forcee aoting now upon the constraint, bdbut an unbdal-
anced vertical foree of ~51 pound appsars again, which is ae-
companied by an unbalanced moment of -27 ineh-pound. Conse-
quently, the two displacements undertaken succeeded in reduc-
ing the unbalanced vertical forece to 51 percent of its initial
value, dut only at the expenee of introdueing an unbalanced
moment at the same time., The relaxation must be continued,
therefore, until 41l the residual quantities become small
enough to be neglected in engineering calculations.

- The clamping device 1t tightened and loosened again suc-
cessively, but always in a manner to cvermit only one eingle
type of motion at a time. Ths effect of these motione upon
the forces and moment ie caleculated in the relazation tebdle.
After nine operations the reeldual forcee are T = -8 pound,

R =0, X = 31 luch-pounds. It 1s thought that now it 1s time
to permit section A to rotate., Thus, operntion 3 ie undér-

taken and recorded. This 1s followed by one more operation DJ'

and again operation (3], efter which the residuals are emall
enough to be neglected.

Becaute of the great number of arithmetiec operetione in-
volved in the preceding calculations, it 1s well to check the
results. A revetition of all the computations would be very
time consuming. Forturately, this 1e unnecessary since a
such simpler check is available. The sum of all tke vertical
displacemente can be obtained by simple algebraic addition:

Yeot = -0.07628 inch
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8imilarly, : e ar ot

,utot = —0.0551‘1!10!1

at

..-_,_m-__."”*tot = 0.001189-radfan

The forces and the moment caused by each one of these total
dfistortions can be cbtained by multivlyiwg the correspoanding
foy'in the operations table., The values computed are.eptered
in the "check tadle.'" The algebratc sum of each column of’
the cheok-tadble represente the final residual quantities.

-~ -'“Por-the present. example these calculations are carried °
out’in tadle 3. _In tHe abeence of errors the residual quanti-
ties of the last row of the check table should be identical
with the reeiduals-listed in the last row of the.relaxation
table. This 1s obviously not the case with the present exam-
16. AR A AT LS .

- . . . yoe
Qub}eHQ:r”Oheck Table
T R )

. e & . .oGm).. .. (1v) ...  .(1n.-10)
Zxternal ‘foroe -0 7 T T w100 L
u = ~0,05514 inch 145 7 -104 © " -B56
v = -0,07528 inch -141 - - Ios ‘=401
w = 0.001189 radian =8 : 6__ =53
Residuale -4 <0 -98

.

Portunately, there is no need for hunting for errore.
Instead of doing so, a new set of relaxations can be carried
out starting out from the residuals of the check table as
the given external loading. Tabdle 4, the eecond relaxation
table, presents these calculatione. It may be seen that after
only five operations the residuals are reduced to 1 psrcent of
the initial external load,
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Table 4.- Sscond Relaxation Tadls = . : .:- .
. T .. R 5 .
T TN (1) (1n.-1v)
External forecs -4 0 -98
S NS P
-0,0022 x [3 -4 . =12 _ ... .28
i 10 st amen w0
F o p—— ‘1_. X e T R T
":v oocss X [a] R RY m_--;-.:: a-26. -
K . . R T o Dot Lt -24

o aratee -
-o.00054 x [3]
i

.’"'." HETI
f‘o3-00152 X [1]

P A 1 TR Ll I

=0.000225 X [3] S N T | g- -

© These rssults are now checked in the second check tabdle
.-(vable 5). The resfduals of this are substantially tke .esms P
as those of the #econd relaxation table. The eLight pevia- b
tions can be explrined by tke inaccuracy of llida.rule calcu-
lntigpo. and by the omission of fractione of vounda nnd inch-
ponn#o in all the tables. e

The fact tbat errore need not be traced but can be elim-
inated in a few additional operatione is considersd.pns of
the. major. nﬂvantago: of: tbe relaxition procedvre. L obe et

. B gos RTINS

.A.,._.- tooan
-‘Sable B Second Oheek Table i

) . T A RS

TR G A W WP VA0 e DA AR Y Y P8 0§ Eaala
(=]
1
=]
’
vy
- .

e Aa.t e Dot I N TR T S A2 'R
. (1v) 1Y) (in.-1b)
i External force 0 -10C 0
: u = -0.05362 inch 141 =101 346 J
. v = -0,07984 inch -150 210 -426
: ¥ = -0.001776 radian 11 -9 79

Residuale 2 o -1 )
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Dirert Solutiop,efitke:Operatione Tadle

-The pperations table.repressnte:a set of linear equations.
It ic ctly to yortf:.ebgt eabloul'can bo fevrleeen in the form

- . vl PR 2 . BT N

LI R :ll.;'1l‘_c . « Ny , . . ,.,
w0 1 L -wB838uS 31 + .1877 5 V - 6463 v 4, T =, 0, . )
1877.5 u ~ 2632.5 v + 5333 w +R'= 0" ) ' (13)

~8462 u + 5333 v - 44,550 v % N = 0Q |

wvhere u, v, 'w " are-the unknown displacements and Fbtatioen,
respectively, of section A; and T, R, N are the given ex-
ternal forces and moment, reepectively. ‘- With the yalnek of
the external loade of the present exemple,equations (13) be-~
come:
e il 2632 5u + 1977 5 v < 6463 v e o ot

1877 5u .~ 2632 5 v+ 5333 v = 100

- $,~§4§2 u + 5333 v -~ 44,550 w = O

[REEIN I . P K i i

These equations oan be solved directly. The solution 1is

u s ~0,0513 inch * ‘v .= -o.ovss ineh w = -0.00193 radian
: IR (15)

Substitution in cquaeions-(14) ehove that the accuracy, is
better than 1 percent. The agreement of this rigoroue rolu-
tion with the results obtained in the relaxation procedure is
also good.

It might be argued that there is no need for the relaxa-
tion procedure 41f -the simultansoue .6quatione represssnted in
the operatione table can be solved directly without difficulty.
This argument 1s Justified as far as the present example is
concerned., In many other, more complex problems, however,
when the number of simultaneocus equations involved 1s very.

large, the relaxation nrocedure may represent the quicker and

easier solution,. . ., . e

..

AT e e M W . ghonas o W pm eI
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Calculation of the Bending Momente

The bedding'mdmenbnuin~seaﬁiongApcgn be eaeily ealeu-
lated with the aid of the influence coefficiente of bar AB
€iven in equations .(11), or-thoee of bar glven in equa-
tions (12). It"bhetdiatortiona»Lieted in .equations (15) are
used, the following bending monent Ny 18 obtained for eec~

tion A of beam AB:
3 L

s

e L & " i R

e~

Ny=u it + % 53+ in
= ~0.0513 x 5170 + 0:0785 X ?7110°~*0.60193 x 29,700

= 235.4 1nch-poundej.

¢ mmxéilvlgcemeﬂt 4 and the gbtatiqp, ¥ aré attriduted
positive signs in order to comply with the eign cohvention of

figure 3 and equations (12), the following expreeeion is ob-
tained for section.A of beam ABD: =

2
.

: e b . g
Wi = 0.0513 x 1252 + 0.0785 x 1797 0100193 x 14,850
= 234.4 inchipoundi ' el

‘“Thes two values. differ by lese than 1 percent., The dif-
ference 1ie considered vermigsidle eince the dalculatibns were
carried out with g slide;rule.,;?hp normal_fq?pq,,IA ,and the
shear force RBp ean be caleulateq in a sioilar manner, ~ When
the calculations are based on bar AB,

: 3 : 3y

g d Agry

At BV EELY &

It agre
1y R

L) ,.’{ ;.
6 -~ 0.00193 x 5170

v f. . { SN b4,
38.4 pounds. . : . Pee e L s
_— et p — I . - . i
u rt ¥ ¥ .pr +.wirn, I . Pyt
. Sy " \ : & .
2146 - 0. 0788 X 2340 .4 0, 001 03 %7110
. X TN S

desi® . e

-0.0513 x 2340 + 0.0785 x 214

.
i

+0.0513 x

-60.9 pounds
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'hen the caleulatione are. carried out -for bar AC'

CT T X O [T \
R ; .

__FAIY.O 0513 x 29? 5 + 0, 0785 X 268 5 + 0 00193 x 1?92 = 38.6

e 1 P A 3
eat poun #Ewdma A0 I »

B, = -0.0513 x 268.5°5/0.0785 x 292.5 - 0.00193 x 1777 = -40.1
PQte :

5

'The deviation . of qhe tensile force obtained for AB frox that
i'obtafned for. ‘AC e much lees than 1 percent ‘of the load. .
A The‘fwo ehear forces ‘add up to ~101 pounds,in.tead of Lhe. cor-
rect -1qo pounds. e bagay e R
t 1
The bendinr noment in bYeam ' AB cah’ %e ceiculeted fron
equdtion (1) In order to get consistent results, the follow-
ing values are used in the equatione.' o

B 234 9 inch-pounds T = 38 5 pounds RAB = -50.4.pound6w'
Aty n . ) ) P Y
: .;.:1 Y Ry e:-§?.§ po%hde”

leuetion (1) becomcl - o i

M= 38.5 x 10(1 .- cos @) - 60.4 "% 16 ‘€in v+ 234, 9

= 619.9, - 385 cos'p ~ 604"sin b

Similurly. the bendiﬂe moment in beam. AC is:. G
; '

+ Mom '38.5 x 20(1‘- cos @) -~ 39.6 x 20 sin. m +.234. 9.

oy

- 1004 9 -‘770 cos @ - 792 ein m ' v ead

The bdending momeqqﬂdiegram ie ahownnbn fizure 4.

- er. .

CALCULATION OF THE BEFDING MOMENTS IN RINGS OF ARBITRARY SHAFE

Review of Kethods, of Galcplation

When the shape of the msdign line of the frame deviates
consideradly from'a circle or ellipee, or when there are addi-
tional internal bdracing memdbers incorporated in the frame, the
classical analytic methods of calculation can seldom be used.
The numerical or graphic procedures suggested by Lundquist and
Burke (reference 6) and Hoff (reference 7), and the column
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analogy devsloped by Bardy  Crove ahd’ rocontly dencribed for
the benefit of aeronautical engineers by du Plantier (refer-:
ence 8) are useful in the.former caeée ~ that is, when the
moments have to be determined in a closed ring without inter-
nal bracings. In the pudljcation by Lundquiet and Burke,” . "
eguations are also presented for the case of a ring having

one internal braoing element. It is believed tkLat. the pro-.-
cedures described in the present report will be found reason-
‘ably simple, even.vheq esveral internal bracing members are ,in-
corporated in .a frame of arbitrary ehape. . L e

It will be shown in the next article how the relaxation
method oan, be..enployed to calculate the bending moments in an
Yege shape" freme loaded symmetrically with two egual and.op-
posite foroes. The egg shape in gueetion is the combination
of two arce of ciroles and twvo straight lines. It ie believed
that the median line of every fueelage frame can be repre-
sented‘with sufficlent accuracy by arcs of circles and straight
lines.

ds the determination of the influence coefficiente of
arcs of circles is a cumbersome taek because of the small daif-
ferences of large numbers involved, tablee and graphs of in-
fluence coet:lcienta have. been prennred and presentsd for use
in part IV 'of the present inveetigation (reference 5). This
part IV, entitled Influence Coefficlente of Curved Bars for
Diltortionn in Their Own Flane, is intended for use in future,
frame oalculations in the same manner as tables of trigono-
metrio or hyperbolic fiunctions are ussd.

It was found that a result of sufficient accuracy can be
obtained by the relaxation method in a reasonadbly small number
of steps only if the computer can make a good guese regarding
the distorted shape of the structure. Unfortunately. it 19
hard to visualise the amcunts of rotation the ends of the in-
dividual elements of the frame undergo. For thie reason, a
second type of numerical approach is preeented.. This uees
the operatione table of the relaxation method ae its etarting
point and reachee the answer to the problem through a number
of solutione of two orF three simultaneous linear equations.
The procedure is denoted ae the "growing unit" procedure, It
1s aprlied to the present problem and gives subatanbially the
same reeults as the relaxation method. ) 3 SG R

l..;v-’_'
For a check of the results the nroblem was 2leo solved - !
by the graphic ‘procedure of reference In addition,. the
system of eimultaneoune equationn repralented by the operations’
table was solved with the ald  of the matrix oalculus. This

!

O kWO ot e a st bedin) o

b e b e et
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latter approach is discusssd 1n ths appendix, dut the results
of the calculations ars prloontod ‘1n this ohaptsr for the pur-
pose of a comparison with the results reached by the varioue
cther methods. The agreement 1s. found to be good.

Pinally, the results of one more comparison are given.
It may be seen from referonce § that the influence coeffi-
cisnts calculated on the basis of inexteneional deformations
differ considerably from those obtained when the extsnsions ,
and the shearing deformations .of the curved bars are taken
into account. In the last solution of the prosent problem
the operations table was recalculated using the "inextonsional";
influence coefficlients. It turred out that tie bending moment
distridbution obtained through a matrix solution of this modi-.
fied operstions table was practically the same as tkat calcu-'
lated earlier on the baeis of the more accurate operatione
tadle. .

In all :the problems discuseed in this report the cross-.
ssocticnal dimensions of the ring are considered small as com.’
pared to the radius of curvature of the ring. Oonlequently..
the distortions of the ring elercents can be calculated from
formulas besed on the linearity of the stress distridbution
rather than the hyverbolic law valid for curved beame, Simi-
larly, in problems involving shear flow the lever arm of the
shear flow ~ tret 18, the distance of the sheet from the nsu-~
tral axis of the ring section -~ 1is neglected.

Basic Data of the Egg-Shave Ring

The dimeneione of the ring are given in figurs 5. The
shaps of the median line ig taken from reference 7 and can bs
obtainsd by drawing the two oircles of 20-inoh and 25-inch
radius, respsctively, with their certers 25 1n;hq-'dpnrt. and
ths common tangente to the two circles. It follows from the .
geometry of the figure that the angle subtended bv arc AB 1is
78.46°, and that subtended by are OD 1s 101.54°

It 1e assumed tbét the frame irf manufactured by bending
an aluminum alloy I-section to the required shape. The area
of the I-gsection in 0.610 square inch, ite paximum moment of
inertia 0.962 inch* The deformatione of the ring under the
loads depend upon the bending, extvneional, and shearing rigid-
ities of 1ts section. It was thown in reference 6 that the
shearing rigidity hae a coneiderable effect upon the magnitude
of the influence coeffiqtents. ‘An "effective shear drea' A*
was, therefore, deffned in such & manner that the etrain
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energy. in ehear stored in an element of the team.of ‘an infin-
itesirzal length 4L could e calculatod from the simple for-
mule ! '

av . (v’/zsa-)dn

shear

-

where ¥V 1is the shear force in the section and Z 1is Young's
modulus, The ratio A®/A, where A 1s the actual cross-
eectional area of the beam. was denotod by ¢t and meay be
termed the "shear rigidity factor." It depende upon the shape
of the cross section end the value of G/E, where G 1is the
thear modnlus. ‘In reference 5, formulae vere devoloped for
the calculation 0of the shear rigiditx factor for some repre-
sentative crose—soctional shapes. .

In the chse of the I-section shown in figure 5, the velue
of ¢ can be calculated from equation (10) of reference 5.
The computation givee A® = tA = 0.081 sguare inch. It may be
noted that with the I-section in queetion the effective shear
area ife almost exactly the area of the wed multiplied by the
ratio ‘¢/B. = |

In the chiculations that follow, Z 1is aseumed to be
10.5 x 10® psi. With this value ZI. becomes .107 pound-inchos".
The ratiq G/2 was taken as 0.385.

Calculation of the Influence Coefficients

Since all cofputétiénal vork was carried.out on elght
bank calculating-machines, not more than eight figures were
kept in the calculntiqna. "

Are AB - The anglq subtended by the arec of-.circle wae
denoted B in reference 5. The.parameter [ .wae: ‘discussed
in ‘the vreceding article. 1In the case of arc AB.: the values
Are:

B = 1,3694384 radians q g - A'/A = 0,1331058

The section-length parameter Y was defined 1n equation (18)
of reference 5. In the case of arc . AB . .

N AL */1. - 480 8619
where L 1ia Lhe lenfth of the arc. The paramotere ® Cand’ A
were defined in' equation (19) of reforenco 6. ~ Substitution
yields
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k=1 4+ (B°/Y) + (B%/¥L) = 1.0332

As 1o+ (B2/Y) - (p®/E) = 0.9746

The influence coefficlents ere obtained ae ratine of the nu-
rerator and denominator doterminants., First, the denominator
1s computed from equation (21a) .of reference 5:

A= 0,

00521084 r?

Zquations (21b) to (21g) of reference 5 yleld *he numerators:

nn

rn

> D> D> D
L

= 0.

= 0,

= 0,

01986728 ElIr

= -0,04079644 EI

02730762 BI
13958066 (EI/r)

byp = -0.14320247 (EI/r)

r

Att

= 0.

19804284 (ZEI/r)

The Influence cosfficlents are now obtained by division:

) %) 8 38

.4
-

S
e/

= bpn/b
= Arn/A
= Agn/A
= Opr/b
= O¢p/b

= Agp/0

A urit displacement ies
rotation ae 10°* radian, in
in the computationes.
plied by 1074,

With

Hence

= 3.81268 (2I/r)
= -7.82896 (EI/r?)
= 6.24054 (EI/r”)

\ (18)
= 26.7866 (EI/r>)

= -27.4816 (EI/r3)
= 38.0059 (BI/r®) J
assumed es 10" inch, snd a unit

order to obtain convenient numbers
the valuee listed must te multi-
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Bl/r = 50O x 10% ineh-pounds
Elfr? o 2.5 % 10* pounde
BI/r®

190.634 inch-pounds per 3=+ radian

-i9.57é4 poundsper 10 raéian
13.1014 pounge Per 107* ragyap
3.34833 pounas per 107 fnen
-3.43520 Poundsper 10~* 1y,
4.7507 pounasg Per 107* 1503

Str ht BC.- For the Straight bar gimple formulag
are given ip equationg (25), Teference 5, Symbol ¢ vag ag-
Sured to pe 0.13305785.
taken consistently in
clentg of any one: porg

ether éxactly
4 changs iy, ¢ equiv-
alent to 4 [ 3 ] sectional shape .
The differep £ eiven corresponds to
2 change ; at is well within map.
ta of the straight

L = 24.49409 inches Y = 385.14588

Eouationg (25) of Teference 5 gyve:

‘

nn = 137,232 inech-pounds per 1074 radian
‘rn = ~8,10057 Poundsper 10™4 ragsen
tn = 0 .. . :

. :

r 0.66158 poupg Per 1074 ynep
0

—
t

~~

26,2088 bPounds per 310-4 ineh
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L':g €D:
B = 1,7721543 radlans
t =0.13305785
Y = 1259.961
' ='1.021226
A= 0.983760 °
The numerator and denominator determinants were calculated as
before. fl‘hre influence coefficients have the following values:
= 3.778386 (BI/r)
©%, ~6.911804 (BI/r®)
,; 3.279169 (81/r%)
= 19.38230 (£1/r*)
"= -13.89515 (ZI/r")

= 18,70964. (E1/r")

With the values

"EI/r'% 40 x 10' inch-pounds

B1})¢ "="176 x 10" pounds

EI/rs = 0.064 x 10° pounds per

the influence coefficients become:




NaCA TN 'No. 998

-

151.135 inch-pounds per 10 ° radian--

~11.05889 poundsper 10 * radian

5 8) B

5.246€7 pounds per 10~ * radian

1.24047 pounde per 10~* inch

GO

~0.88929 poundsper 10°* inch

<)

0.8774 pound per 10 * inch

The Influence Ccefficiernts 'at the Fixed End

In the example of the preceding chapter, eouilibrium had
to be estatliencd only at point A of figure 1, rince at the
fixed ends B rnd C of the arece any resction forces and
momente were available., Tor this rcasoh, only point A was
balanced in the relaxation pracedure, and the affect of die-
placcaents of point A upon tae fixed ende of the arcs was
not irvestigated, The situatior ie different in the case of
the frame shown in flgure 5. Tlore three pointe A, B, and C
ere dieplaced in the reélaxntiod .procodure. Conrequently, tho
forcec and momente ccused, for example, at A and C by dis-
placemente of point : B. mufkt bo determinsd. As in tlLe pre-
vious example, only a single motion i1s undertaken at a tine
in the relaxation procedure. PFor iinstance, point B 1is dis-
placed radially and at the same time it is prevented from
eoving tangentially and frorn rotating, Simultaneously, points
A and C are considered rigidly fixed in their positions.

The influence cosfficients calculated up to this point
repressnt the forces and roments. ndcessary at the point that
moves, while the other end of *he curved or straight beam ie
consldered rigidly fixed. Simnle.équiliﬁrium considerations
enffice for the calculation of the reactions at the fixsd snd,
when the forces and the morent at'.the movable end are known,
These reactions also can be reduced to the influence coeffi~
cient forn. In order to distinguish between the two groups
of influence coefficients,.:the former are denoted. as the in-
fluencs coefficients for the movable end, the latter ae trose
for the fixed end. In the formulas the subscript M refers
to the former, subscript F to the latter. If there is no
possibility for misunderstending, as in the preceding exauvle,
the subscript may be omitted.

In determining the sien of the foreces and momente the
beam convention shown in figure 6a ie¢ used.
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-+Phe influence coefficienty at the flxed ena vere calcu-
lated; with the:aid of eguationg (27) (z8), and (29) of refer.
ence 5.:. For:arc - 4B thelr valuep are

= 0.33433 (Z1)})

& i3ubsasy (B1/:2)
8.71889 (#1/r%)
21,5691 (21/r°)-
-31.7417 (21/r°)

84,5276 (81/r?)

Substitution gives

16.71¢5 inch-pounds per 10-+ radian
-8_.9?‘316 *oou.ilzds per 104 radian
31;'.797.‘ Pouhds per 104 radian
P

2.5%2614 pounds per 10~ ypep
=3.96771 pounds per 104 inch

4.31595" pounds per 10~ inch

For the straight portion .EC there 1y 'obtained’:
b ¢

.t w
.
L

= —-61 242 inch-pounds ner 10~ radian

L]
B

e 8, 10367 Pounds per 10 _*'r'ad.'ian

=
=
vif ..'y

=‘=0‘. ‘- . . Y w .

N

-0.66158 poundsper 10 ~* pbh”

3
by

1 O by ', EET S

A 3 [ RPN

tee 36 2058 ‘bounds 'per ]C 1néh_

> g)
-nj

.tv
't"
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For are .CD .the influénce coeffizients for the fixed
end will not :be ‘needed'in.the relakation procedure. However,
it 1e convenient to have them for checking purposes:

fily = 37.649 isch pounds per 10”* radian

;;, = -7.3524Tboundspen 10~* radian
= 9,7861 pounds per.lo—‘ radian
="1.119416 pounds per 10~ * inch
=-1.03755 pounds per 107 * inch
= 0.695839 pound per 10 * inch

Operations Tabdle

In the operations table the forces and. moments caused
by the individual operatione are listed. 4an individual oper-
ation consiste of a displacement, or rotation, of one point
of tke frame while all the other end pointe of the individual
arcs considered are held rigidly fixed. The operations tabdle
can be easily established once tke influence coefficienta are
known. :

Care nust be exercised in the matter of signs,’' The beam
convention is not suitable for use in the operations table,
since according to it ‘the 'gigns of T and XN depend upon
wvhether T and N act at the right end or the left end of
the arc. Tor this reason, the rigid freme convention shown,
in figure 6b will be used, In-this convention clockwise mo~-
ments are positive at either end of the arc. Similarly, a
tangential force is positive if ite direction corresponds to
proceeding in a cloékwise ' sense along the arc., The radial
force is poeitive when it acts toward the center of curvature.
Moreover, the operations table is set up by coneidering the
effect of each operation upon the constraint rather than upen
the beam. In other words,the table lists the forces exerted
upon the imaginary eupnorts (or constraints) vhen one of the
points ie dieplaced: '

In the particular problem at hand, points A and D
will certainly remain in the plare of symrmetry when the die-
tortions of the frame are caused by the symmetric loading
thowvn in figure 5, It follows further from the symmetry
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. .4hiktthe-horizontal -tahgents at’*:A :and: D :will:remain hoti-
gsontal. On the cther hand, the distance between A and D
will:thange andari'the -1badiag, It suffices, therefore, for
o desitibing' all poséitle relative displacements to coneider
the beam as rigidly fixell‘at- D' and to allow eection A a
single degree~of . freédom of. motion: namely, :that of a verti-
cal displacement.’ (Soa. for‘instance, referonce 9.)
ES s P i h s
Inttha!first row of:the operations table (table 6) the
effect 0fca radial dlsplacénént tof point - A ig listed., Trom
Oqunttono (17) -the redial force acting:umon beam AB -in sec-
t10aVA.$413.34833 pounds when section A'is dieplaced ‘the untt
distance ({1074 1n.) in the positive radial direction. Oénséx
~qaently, ‘the redction of this foroe; that 1is, -3.34833 podnfs
will Be ereit®dupon the constraint at’ 4. The effect.of thé
I ~sanestidt honrupohithe fixed end of the beam at section®B fe' "’
| gLPen By thé'irtlvence coefficlente for the -fixed edd.dohs=3¢ I
| tainsd in eguaitions (22). These influence coefficierts:muat:
J . again be multinlied by -1 in order to obtain the effect of !
iithe disnlebement upo# the conatraint The final Values are: |
'{ TrT ot de et gy R S §
$/Hg.$08.922181/iéh-poGhde SRy = -2.69614 pounds Tp =,3.967n pounds t

for the '{Rfiudrce coeffiélents to the rigid frame cdnvenfion
¥ used in the overations table did not entail any‘qhangqe 1n. .
sign, as may be seen from a comoarison of figuree Ba and "8y,
It may be noted that a poeitive radial deflection of’the ‘Yeanm
at point 4 caused a negative radial force to act qun the
i constraint at A, Yhig could be éxpected, eince -an-upward
force is felt if the movable end of the elastic cantilever
beam shown 4n figure 6u ie pushed owq. . T

' With these forcee the change from the bead *Convent{an’ use&
|

The secdond row of tie operaetonl ‘CubTe’ shows the effect

of a rotation of the section at 3. If end mection B of bean,
AB' 1e rotated through'a positive angxe of 10™*% radian, the
forces and the moment caused at are Fiven by the influence
coefficiente for the fixed end (eqhaflons (22))." Only the vdle
ue of K, 48 listed in the operatiorne teble, since it is not
necessary to baluince N, and T,., Becauee of the eymmetry of
structure and locading, the point synmetrically situated to B

R would always be dieplaced 1n the same manhpr A- ,B 1w, and
its displacement would cause a tensile forcp anﬁ L moment
which would balance N, and T,., (Sea aleo reference 9.)

. The effect of the rotation of saction B of beam BC upon the
fixed end at O is repressnted by the influence coefficients
of squations (23). Of course, all these coefficients are

I,
—
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lnltipliod by -1 boforo ontorinc thom in tho operutiono tablo.

!he 'ff'ct o! a rothtibn of oeetion 8 upon the forces
and the moment at . B {e given by combinatiome ‘of "the influ-
ence cosfficlente for the movable end of beame AB and ‘BC.

It must not: be forzotten, however, that in the' 'calculation:
the rigid frame oonvention mast bde uved 'ir deternining the
correct ‘sign of the infiuvence coefficients. According to fig-
uree 6a and 6b at the right end of the beam AB the two eign
conventione are ldentical, dbut at the left end of beam 3BC
.+ only the eigne of the radinl force are.the 'same, those 'of the
»ttngontill force and. the' moment are opposed. (Cf. fig. ' 7.,)
Dieplacementes ahd rotationy are coneiderod 4o have the same’
-positive sienee ae the correeponding forces ahd moment,  reepec-
:tiyoiﬁ. - If the multiplication by -1 1e alpo carried, out in
+.0rder to obtain the foroes and the moment acting upbn the con-
straint, the entire calculntion can be given in" the tollbwing
1iness i .

1. Influence coefficient for 90 @ s T B
bean AB 190.634 -19.572¢  13.1014
. 3. Influonce coefficient for . .
,beam BG . . ... .. . . .137.282 ---8.10867 O’
3. Rov (2) nul@iﬁliediﬁy -izto 0b- . P T ER
tain coefficiente corresponding -+ .- .- .~ + | o e
to poeitive rotation according S B
.to rigid.frame oonvention- ‘- «137.233° -:8.10287:¢ . O.
4. 3i¢nl .of preqodins lino chaneod ';v: .::1.:5 a C ' .
to conform with rigid frame oon.: - <Lk S0
vention for force and moment 137 232 8 10367 0
,5 Sun of rovo (1) and (4) S 337 866 -11 ‘697 13.1014
8 .Rov CS) multiplied by -1 to give . : f". T :
. effect upon conotrsint . -327.866 '.11,469¢w!.£13.1014

.
£
.

Binco tho culculation of thq other itpmo in the onvrctinne

tnblo 1e carried out uccording to tho same- principleo. furthar
detailo are not given. . .. . . e ot :

Tyt

— N

ey AR

ad

[ S v JENCI SR
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B8olution of the Problem by Relazation

The purpose of the relaxations is io finﬁ such multipli-
ers for operations 1 to 7 as result in R, = 500 pounds

and 1in vahiohin; vnlue- for all the forces and monments ¥jp
to .!0' The value of 500 pounde 1e etated inetead of 1000

pound-. since because of the symmetry only one-half of the
structure is considered. There ie no need for balancing the
forces and moments N,, T4, Np, and Tp, eince they are au-

tomatically balanced when the left-hand half of the ring under-:.
%0es distortions eymmetric to those undertaken with the right-
hand half. Moreover, becnuse of the conditions of equilibriunm
of the external forces, a reeidual force Rp = 500 nmust bve

ohtained automatically at point D when all the other reeid-
dale are bdbrought down to negligibly emall gquantitiee. This
force is then balanced by one-half of the lcoo-pqund external
force ‘at D, o

In working out tkhe p;eqent,problem it was thought advan-
tageous to btegin ‘with a rough guees ar to the final shape of
distortions of the frame. It wae convenient to consider eec-
tion D as rigidly fized and to assyme reasonable amounts of
radial and tangential displacements for each of points A, B,
and 0. The amounte chosen are given below together with the
forcee and momente caused by their simultaneoue occurrence.

As may be eeen, the radial and tangential displacements lieted
correspond to displacemente of points 3 and C nupward and.

to the left, and to an upward dieplacement of point A, The
rotation of B was assumed to be clockwies, that 6¥ ¢©
counterclookwise. The forces and moments were obtained by
adding up corresponding valuee of the operatione table after
the rows were multiplied by the factors chooon. The dietor-
tions are: C

vy = ~100 units wg = 2 unitl 'B = 50 unl@l_ ug = -30 units

vy = -0.5 units ivc = 50 units ugy = -31 units

The forces and moments resulting from the diitortionl.ﬁre:

By Np Ry Ty ¥y - Bg Tg *

98.839 ~145.67 26.132 ~134.9 - -368.§ -16.,77 11.57
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The et of ﬂistortions listed can be considersd as a
"group displacement. It will be denoted ae oberstion [8].
In %Hb tour se ;of the ralaxations it is advantageoun to make
use of other conbinationa of 'the olementary ‘dperetions. Two
such combinatiunl vere used 1n the rulaxaVion tabdle (tadble 7).

They are listed below. ;_ i L BL i
Opsration LQJ"--n o :
By.y i Mg i A R T I
-100(ug+ug) -3963771 1310.14 -343.52 [475.28 524.66788.929-8.75
et
Operation [10] o ' . r s

goo | I —
. - !

: ¥
[9] - 120 vy 5.03 239.5 -19.98 '-0.85 524.667 88,929 87.75

B

In operation[g] the shaps and the’ length of the stralzht
veaz (beam 3C) do not’ .ghange. Operatibne ©of this kind are
denoted as "block dlsplacsments " In'h dloeck displacement
part of the structure undersoes a rigid body displacement.

. T
. Tabdble ..,'?..':-_._F'i:;st Helaxatidn Table PR
. X t 1 3 ,-.,.l‘....’.
= P 2 [ T v ; ;
Operation _?1 S ﬂ e 5 Ry ‘ iy ’ | 'dc’” : LC : -‘\TG
L. . 98.889 | -14%.67 L TRE,122 | #134.9 | ~368.6 | <2677+ | 11067
0.3 [ 9) -119.03 2agdon i -105.06 | _142.5 157.'; 26,68 | 2".33
[ il S T
120,16 | 247.37.) -76.93° ;_ .7'.6;3 g T Znee 9.91 |- 57.90
-25 [3] - 67.40 | -286.74. 100.26° | -85.88 . 202.6 ' | ~16.6¢ | - O
y 47.21 | 39037 | 23.32 | -=78,20 | --8:6 | <G.63 | 37.90
-2 [4) | -%.9a” | 26020 | -C.87. [ 6L.90 | Op. | 0. | -52.41
' "89.27 ~ [P e18.27 | 16,87 17-16.23 1T AEiB | -6.63 [~=14.5
0.1 [10] 0.50 | 23,95 | -2.00 | =0.00 { ° BR.E% %80 | - 8.72
39.77 1., 1070 | 14,45 | -10.33 | 43,0 | 2,26 | =5.79
0. 15 {s] 0" 29,19 7 21,22 Ao 0 e jv =45eB, | ~0.44 -'1 ~0.79
_? 59.77 1.5 | 13.23 ! -15.33 0.6 1.92 | =35
5 1] [ =16.74 | 44,6 7| --13,48 L 10.84.) -r - | --
v —-= - - | e
| . | ?3.03 | ac.2 0.25 5445 0.5 1.82 | -6.58 |
0.14 27 | 71026 | -46.9 ot 1061 |p..-1.83 -n.57 13 1,0
JROV Sy — P R S
| 2¢.28 | 0.3 | 1.36 | 1.65 -8.0 2.95 | =6.58 |
-0.023 [5] | I T 4| 0.22 | 0 | 81 | 0.08 0.15 |
B0 |"Wetizs |- cz.0 |- 20 ). 163 | 0.1 | 8.05 | -6.43 |
-0.15 [ 7] 0 | O -3.93 0.5 0.Jo8. . 4.05 |
_*_ i -1 T —-~—t 4l1 —
| 24,28 2,0 | 22 | -2.3 | 0.6 3.1 | =-2.37 |
- = i i | ESSTII ORI (ORI SO (SR I |
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Instead of banlanoing the largest residual force at each
stage, 1t was found more convenisnt to adopt a particular pro-
osdure. After operation [8] wae oompleted, an attsmpt was
mede to reduce all the residuals dbut A, to negligidly small
quantities, while keeping R, ‘as large as possidle. The pur-
poes was to estabdlish a distorted shape correspornding to any
finite radlal force at A and negligidly small reeiduale at
pointe B and O, Division of 500 pounde by the radial force
at A 8o obtalned ylelds the factor by which the complete est
of operations undsrtaken must be multiplied in order to obtain
ths final displacements of the frame under the load specifiséd.

Table 8.- Check Tabdle

Operation Ry ] “B Ry - ?B

=107 Vi 368,271 | ~954.671| 288.487 | ~424.545

2.14 w5 19.098 | =701.633] 24.546 -28.037 | -131.068 | 17.340 0

26 s =-67.404 286,742 -100.248 86.£80 | -202.567 | 16,6540 0

-72 up -286.676 943.301 -247.334 2228.875 ) 0 -1286.818
~0,378 w, 25,149 u4063 0 109.003 1.117 1.983
60 o 405,134 ( 33. 079 0 ~147.211 [-95.10C -44,465

=71.15 u, [} 0 «1064.543 | 373.30L | 63.273 | 1926.977

Sum 24,286 2,022 1,692  «2,369 0.868  3.187  -2.322

In tahle 7 the obJjective was attained to an accuracy of
13 peroent in nine onerations folloving overation [8; Before
the relaxation was continued, a check tahle (table B) wae then
established. Some slight differences were found in the re-
sulte, and the residuals of the check table were further re-
lexed in 11 mors operatione (in tadle 9).
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Tablp 9.- Second Relaxation Table

:!,.‘..

Opera{tip;g e Eh’ : 3'37 - i '33 Ty )flc Ry ! -. : Qc«

Results of ' | : 1 coe

Chedk Table | 24:285 2.022 | 1.592 | -2.369 0,868 3.16£ ~2.322

261 ..t - .16.205 | 1.323.| 0. ~5.912 | ~3.804 | <1.779
— .

24,286 | 18.227 ' 2.915 | -2.369 | -5.044% | ~0.637 | ~4.101
; o 0 ~3.931 | +0.787 0.133 4.062
1 24285 | 18.227 | 2.915 | -6.300 | 4,257 | -0.504 | -0.039
1.4[1] 1 -#.688 | 12.U91 | -3.775 ! 5.555 |
19.598 30,718 | -0.850 | -0.745 | -M.257 | -0.504% | -0.039
0.094 [2] 0.837 | -30.219 : 1.078 | -1.23L | -5.757 0.762
g " 20.435 1 -0.101 | 0.218 | -1.976 ;-10.00% | 0.258 | -0.039
=0.0347 (51 i 2,325 | 0.221 | © : 10,006 0.103 ;-+0.182 {.

20.435 | 2.024 | 0,499 | -1.976 | -0.008 | 0.361 | 0.143 |
11-0.025 [4] -0.009 i o0.328 | -0.c36 ! 0.77% ! © -0.655

"

~0.35°17]

0
20,335 i  2.352 | 0.M13 | -1.202 | -0.008 | 0,351 | -0.512-
0.2 [1] ~0.662 1,734 0.793 I

. 19.667 | 4.136 . ~0.409 ! -0.008 61 | ~0.512
0.0126 [2] 0.112 ! -4.136 ; 0.1 | -0.165 !-0.77 )

! 19.779 | © i 0,012 | ~0.571% | ~0.778 -0.512 |
-0,0027 [5] | +0,165 0 | +0.779 0,014

y 19.779 | 0.165 ! -0.57% | 0.001 0498 7 ¢
0.1 [1] i -0.335 |{. 0.892 |, 0,397 .

TR 1.c§_ : -0.177 .03 -.k498

0.002 [2] 0.017 | -0.6 -05,026 | ~C.22

Reghlts of )
4 ‘secoad 1 ’
check ~ = | 18.471 £.380 | ~719G | ~0.266 | ~2.124 o.487 W5

i

i 19.%61 | 0.uo1 "7 1 =2.203 | 0121 -0, 498
P )

i

After these the zreotest residual force at voints B and O
wvae 2,5 percent of the radial force obtained at point 4, A
sscond check, details of which are not given in this report,
resulted in the residuanls listed in the laet row of talle 9,
Since the radial force at point A had the value
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Ry = 19.47]1 pounde

a*m..w!. »:'.' LN T b '
; .

all Qho opornlionu had to bo ngltibliod bv’ihl ftetot

™ L. o & P
T

! 500/19 471 = 35.679 7 ¢ o

in order to obtnin the fiwal deflected shaps of tho frnne.
The final deflectione are given below: . LR

va.= -0.2704'th§ vy = o. 005774 radian  v3 ='0.06420 Anch

upg » -0,18495 inch vo - ~0. 0010667 iadian vc = 0.13353 inch (25.

ug's -0.16309 ineh

. It mny be ‘seen that the first. gueoo for the deflected
lhape. at given in operation (8], differed coneiderably from
the final shape. Neverthelese, only a comparatively small num-
ber of relaxations was required for the solution of the prob-
lem. The deflected shape 1e¢ shown in figure 8. Next, the
bending moment dietribution ie calculated. Tor thie purpoes,
the tangentlal force and the berding moment at point A are
nssded. These are caused by the displacements (and rotatione)
of polnte A and B, and can be calculated with the ald of
the influence coefflclents given 1n equations (17) and (23).
The calculation follows:

Caused by: vyw10™' vj=-0.2704 wp=10"" wp=0.005774 vz=10~"

l‘ -19.5724 52924 16..7165 965 -6 92316
Ty —§.4§52 9288.78 21.7972 1258.57 -3,96771

Caused by: vp=0.06420 up=10~* -ug=<0.18495  Sum

% TUEa -5728 |, | 21,7972 -40314 7847 inch-pounds

s . o : . . ) ) . . e .t
%0+ . . =-2547.27 . 4,31595; '-7982.35 17.73 pounds
. e, . . D " . .

Since influence coefficiente were used in the calculation
of the moment and the tenelle fcrce at A, the values ob-
teained represent the action upon the curvsd beam, and the
signe are in accordance with the beam convsntion. It must bs

*
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noted, however, that:the signs, of the displacements used in -
the vreceding oalculations also had to be taken according to
the beam convention. In the present cass, this requirement
444 not cau'se any change in the signs of the dieplacements
odtained from the relaxations, since the displacements and
the rotation at the right end of the curved beam, and the ra-
dial displacement at the left end have the same sign for the
two oonventions.

With the values of N, and T, so obtained, 'and with
Ry = -500 pounds, the bending moments were calculated for sev-
eral points along the median linec of the ring. The 'moment
Qietridution is shown in figure 9. The bending moment, the
radial force, and the tangential force at point D were also
oalculated from the influence coefficients in order to obdbtain
‘a oheck of the accuracy of the calculatioas., Care must be
taken to transform the signs of the displacements at point C

t?:GOnfbrm Ylth-the beam convention. The computations follow: 1
O4used by: {:6 . 107 wg's 0.0010667 wg = 107" vy e 0.13353 '|
¥y 37.849 ' 402 -7.3524 -9818 o
Rp T.7.3524 _. -78 £ 1.119416 .. 1495
Tp .7 97861 104.39 :'..-.1._63'755'.}" .-1386.44 b
.[ .c.nfod by: ug = 107 ug = 0.18309 o . Sum . f .;’ :
Uy .. 9.7861 . 17917 9601 inch-pounds. . :
Ryt ~1.03766 . ... ~1900 -483 pounds i
38 0.695839 1274.01  -7.04 pounds

S L 4 .
. These values show that the aocuracy is sufficient for en-
gineering purnores. The radial force obtained -deviates about
3.4 percent .from the actual -500 pounds. The bendirg moment is
shown as 9088 inch-pounds in figure 9. 'Theé:deviation of the
averace of the two values from any one of the values given is
3.3 percent, The forces Tp and T, should add uv to zero,

In reality, their sum 'isd 10,69 nounds, which 1s about 2.1 per- .
oent of 6500 pounds - thaq is, of one~half the applied load.

S e gt
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" The- Groving-Unit Proeoduro

) In: thl t?ov!ng ‘anit’ procoduro the unttt Gt Gho ring are
comdined gradually into unite of increasing sise until finally
the entire ring becomes .a singlejunit. In each step of the
procedure two'or- ‘thrée simultaneous linear equations have to
be solved. The growing unit procedure has been developed,

3 since in many probleme the relaxation procedure is too slowly
convergent. This is true particularly when the shape or the
loading of the frame does not allow a good guess ragarding
the shape of dietortions, .

Yhen thig,procedure 13 applled to the. ,egg-shaps frame
loaded. by the equal and opposite forcee at A and -D - "in fig-
uro'b At g¢an again ‘be assumed“that section D is fixed in the
plang. qnd .sgction K .1's only ‘fiée ‘t¢ move in a. vertical direc-
tion. The Iirst step in the procodure ls then to combine
‘beams AR ‘and BO - into ‘one unit AC, *This oan be accome
plished by determlnlng ug, - v3, and wy 'so ag to cause Np,

‘Ry, anad T3 to vanish when 4n turn a unit radial displace-
ment, & unlt-tangentlal displacement, and a unit rotation nreg
undertaken individually at pointe 4 and C,

+ In.the prseent Prodlem $e2t16n A moves only radially.
The forcee and the moment acting at B when: v, -« 10™% inch

R b given in the:eacénd, third, and fourth columns of the
‘Cirst row of the operatlone table (table &).. The iforcee and
the moment caused by “the urtknown dlsplacemente and rotation
at B can be obtained from the eecond, thlrd, and fourth- rows
of the operatlonn table:.. The requirements of &he vanishing of
. the foreeu and the moment' at-- B can then b vritten in the

“?orm.

-327.866 wp;+.11.4697 vg ~ 13,1014 up’ = -8,92216

11,4697 wp ..~ ;4:00991 vj + 3.4382 up = 23.69614 »(=26)
~13.1014 wy + 3.4352 vy - 30.9566 ug's -3.96771
8olution of'ppe.aggaptoml givee:

wp = 0.003449289 x 10~ * radian
-4

vp = -0.612145 x 10 inch

ug = 0.05878271 x 10 * inch
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The displacements fonnd-give ride to forces and a monment at

0, which can be calculated from the values in the second,

tlird-nlnd lourthcrbrn and Cho lnnt thto. columxs of ' the oper-
“lﬁ‘cﬂ" t‘lﬂ.l ots _"f"-: “"..‘ Ho ot .l FASEE :

K lﬂf'~.l e 4.749757 1nch-poundl‘
et ".-”ne - -013770343 péhna
Lo n!'

Te - 1 540448 poundl'

In erder to be able to balance out the forepl and the
momént ‘at” O ‘de given Yn djuatidns’ (277, section C must be
"displace?d apd rotatoa Du;lng thbee motions;’ howe¥er, no un-
balapces puet appear in wegtidn B, ' In the ‘next stdp of: thi"’
cnlculutlonl.-tﬁereto:e. eection G w111 be in turn rotated,
displaced radlnlly. édnd Alspiscea’ tangentlally. and’ in each
case valuel of v3. VR, up will bo ealculated ho as to

cauge 13. 83, .apd Ty %o vanloh ¥hen lectlon ¢ 1| ro-_

tated . bhrqugh a po-itive angle of 10 =0 radian, -the. qperagjgnl

table glves: ey

» - .- LD HE J [ S

-347i088 wp 4 11 4647 'vi - 13,5018 up 3 81 243

11, 4697 v - 4. ob9°1 vB¥ 3 4352 g = 8. 10259‘ ‘ (za)
-

e lay ‘be seey. that the laft hand elde ternl of equ;tlonl (28)
are {dentical with those of equatione (26). Solutlon of equa-
ticns (28) ylelds :

wp = -0.28372447 % 10" ‘raafar’) °

vg = -3.0160676 x 10~ inch
“up = '-0.2146168 x 10 inch

A Sl e, e et ne e T

. : i ndagl
These dieplacemente cauvse forces and a moment to appear in

section C. Their values may be caleulnted vlth the aild of the
operatlions table ae before: S

PRSI S VTN LIRS TR Sb 4

oy

el SO0n

v
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R P 41.814068 4neh~pound s
R, wi-g, 29430 poundf .~ ’ (30)
T, = -5.624205 poudds -’

In addition, forces and a moment are cauedd at: 6" by the unit
rotation of O itself (while sections B and D are held fixed).
Theese quantities may be -taken directly from the operations
tadle:

N, = -2883564(1nch-pound€

R, = -2.95622 pounds

Tg = ~5.24667 pounds G e ha e

Consequently, a unit rotation at G, together with tﬂ;,mp-n,g
tions at B required for Nz, Ry, Tp to vanish, gives rise
to the following forces, and mpoment.at 03

R (31)

N, = -245.55294 inch-pounds 'L

e ® -7.25052 pounds

«Bq = ~10.870875 pounds . 4 L

The effect of o wnit radial and a tanzential dieplacement
of 0, respectively, upon the forces qnd the moment at C
can bo calculated in an analogous manhar. lgain. the left-
hand slde members of the equations are ldentical with those
of equations (26) and (28). The right-hand-side membere have

the values
—8 10267 —O 66158 and o]

wvhen 0 undergoe- n unlt radial dilplucemene. and
sl roany ovenl

0 0, and -26 2058

when C undergoes a unit tangentfdﬁ“dfiplacemene. Solution
of the equations gives Sy
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VB * 0403369378 %:107* radsan
(v up = 0.2753198 x 107* tneh (32)
' _¥B = 0,01629283 x:107* tnch

3§§§ ,g, quoggogl & unit radial di;plncement..apd
R AN . . Ce .

. N B

R -

T Vg e L0.01089843 x 1o~ radtan ]

"B * Q-7736881 x 107* {nen
"B = 0.9366781 x 307 ineh J)

when ¢ undergoes g uait tahgbntiil dilplleement.

The forces ang Boments caused at ¢ . by, gpQIg‘diﬁplgqgrql
Rents are oot . - . T eI

¥, ='-4.29430’1nch-pound§' ]:’"
?, q.p.ﬁ?sgsy_poung . (34)
Re = 014551558.pound

L &1

when O undergoes g unit:radial displ&cement. and

frone ariee N9 = 25,624205 inch-pounds
' B = 0.426967 poung
. i .
:Tq = 24.5464 Pounds

when 0 Undergoes a unit tangent1al displacement,

The effect of the motion of C upon the forces ana
moment at ¢ i(aonitdering"“S' end "D ’(l'rfgidly'fixed)
again taken directly frem @he_qpegationl table:

R 5 =3.95622 inch-pounds
Rg = -1,90205 Pounds
?c = -0.88929 Pound
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when © wundergoes a unit radiul displacement, and

lo . -5 24667 inch-pounds LY S P

.Bg = -0 38929 pound
" g = -37,0833 poudds

vhen C undergoes a unit tangential displacement.

'ogither. the forces .and moments at O become, when
() Ll di‘ﬁiaced radislly and’ tangentially, relpectively. )
throng@, po-irivo unit dietance: ; oo

T8} . A P

Np = -7.25053 inch-pounds

Ro = -1, 4465942 pounde
g}

To = -0, 462323 pqunﬁ,.

in the case of“a’i&d&dl dtuviacedent. andi .. .,

‘.‘~;u-)¢ e : ""r‘l’ £r

U'PV

= f

xo - -0 462323 poun#

Tg = -2.5369 pounds'“'

on cale of a tangential displacenent.

lquationl (31) (38), ana (37) give the torcel and the
moment caused in section C by the three possible notions of
seition. G, These values correspond to such distortions of
the'ring ae do not ex tail undalanced  forces or moments any-
where along the ring except in the end sections A and D,
The values of the hotions at 0 must now be determined, in
such manner as to balance out the forces and the momant caused
at- 0 by the unit radial dieplacemeut of ‘A, These undal-
anced forces are listed in equations (P?) The reguirements
that Ng, Ro. and Tc must vanish éarf bé stated in the form

of the following three simultaneous;oquqtiqns.
:u,'-246€55294 we - 7.25052 vg - 10, 870875 ug = -4,748767
-7.26052 wgo - 1. &463942 ve - 0. 462323 uc = +0, 3770343 (33)

~10.870875 wg ~ 0.462323 vy ~ 2,5369 ug = -1.540448
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fii’i&luilonqof,tbctcucquqtioqu fe. ... .
Vo = 0.00384989) x ;04 radian .
Yo = -0.4976019 x 1074 yncp (39)

Ue = 0.6814022 x 16™% yh.p

These are the ngtqal_mgtionq of section € whep A i .
d1uplaced Tadially qnnoqgh.aﬂpoaitive unit distance, and when .;I
the motiong or 2 are gueh 48 to result {n vanishihg forcesg :
and moment a¢ B, The total ‘motions of 3 can be obtained .

by adding up the values ¢orresponding to the following foup 1
1tenms; :

1. Motiong °f B when a ie d1splaced radially; piven
by the eolution of equations (2g)

S A .

2. Motiong °f B yken ¢ ie rotated; thege are tre )
valusg linted in equations (29) mi1tiolied by the :
factor 0,00334989; taken fron equations (39) ‘

RN

3. Motions of B when ¢ i, displaced radially; thegse R
are the values 1igted 1p fquations (32) multipiiea
X by the fastor ~0.4976019 taken frop ¢quations (39);

4. Motions or 3 when € 14 dilplqded tangentially;
thesa ore the values 1{gteq in equationg (33) mui.

? ’ tiplilee &y the factap 0.£3140z2 taken fronm equa.

Addihién of the ini!v{dual rotasions, radial displace-
3 ments, ang tangsntia) divvlacsmente, respsctively, yields;

¥B = -0.0214944 x- j49 radian
"B = -0.234245 x 107 4., - (40)

UB = 0.6381035 x 157 ..,

It 14 Possible now to determine the radial force at A
aorresponding Y0 tna diatortes 8tiape of the ring Jjust calcu-
lated.. This forqq_dependa uoon tre motiong of pointg A
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and " B. ' “According to'the firat:entry in the operations table
. (table 6) the radial forob st A . caused by acunit radial
displacement of A 4ie, provided 3 1s held fixed,

R,, = ~3.34833 pounds

AA

If now A 1s fixed in ite dieplaced position and B 1s
moved into the position indicated by equations (40), the ra-
dial force at A caused by theee motions oan be calculated
from the entries in the first column of the operations tadle
(tadle 6):

Ryp = ~0.0214944 x 8.92216 + 0.234245 x 2.69614

4+ 0.6881035 x 3,96771 -'3,169?78 pounds

The total radial force at A 1s the sum of tHe precedinz two
foroes: .

Ry, = By, + Ryp = -0.178352 pound (41)

-

by one-half of the ring, all the distortione of the ring and

’ - In order to balance out the 500-pound external force carried
f force R, 1in equation (41) muet be multiplied by the factor
i

£ = -.500/0.178352 = -2803.4448 (42)

MNultiplication of the valuee given in equations (40) and
(39) yields the final displacemente and rotations:

- ¥ = 0.006025836 radian ..'B = 0.066669293 inch
up = -0.19290602 inch wg = -0,001079296 radian)(43)

¥g = 0.1395000 inch up = ~0.1910273456 inch }

At the same time the radial displacement of point A is
naturally .

. vy = ~0,28034448 inch |
With theee final values .of .the hisplac&nohti;ii&-igb&;
tions the forces and morents at: points A and D . ocanide,, .. -
oalculated from the influence coefficients.

AR et e LA e s el e




Theeq Salouiagq,
j f

&re

) 4

NN

:
Ve '-' ...
i

T

D

The &cCuragy ,¢ t
tatneq by relaxetionp.

¥, ang 70 7,, the r
fors fron ¥y = gggg 1
value o7 R 18 pract

on

eectio
coneieting

tion,
dontdors Sy,

= ?970.2 inch-pounda
= 13,24 Poundg

:TBBSB inch-noundn

.

=f;499.8 Dounds
= -12.52 Poundg

hese Tesulty
esult;

leally equal
and TD
e-halr the

t
Poper,

of two quarte

tadle of any Prodlepn can

tanes,

Us linegp Cquationg,

from the'operatlone table o+
below:

are ligsteq

sh

are oxp

i1s better
calculated

Damely, 889g ineh.
néh-pounds o7 aboug 0.3
to One-halr
dev!atea from 5
2pplied loagq,

than that o9

28 the gunm of

Percent,

3 5001

>
{

Quationg,

Tre equation,
&Pe ripg loadeq vith ¢ty

° agual




HiCA T¥ ¥o, 998 . : 47

and opposite forces wers alpo solved by the matrix calculus,
The results obtained.are as follows: - - :
: P o .
v, = -0.280349 inch . . . wy = 0.00602607 radian
R . 5 g
vy .= 0.06567006 :inch ... ¥g = -0.00107944 redian

- (48)

" lwg = 0.139503 tmeh-. . ‘" g = -0.191031 inch
;.ug'= -9.19?9;915,¢hh? Cae e Y

1t may be seen iﬁdtrthéie'renulti:ige practically the “-
saite as those given in .squations (43). 1t follows from this °
agresnent of the diiplﬁcgqent: that the bending moments, the
axial forces, and. shear forces must also agree. The three
nost interesting values are given bdelow:

i ¥, = 7970.3 inch-pounds .
T"? 12.57 pounds . (46),

¥ = 8844 inche-pounde S

_,. The solutions by relaxation, the procedure of the grow-
ing ukit, and ‘the matrix calculus were all based on the oper-
atidrns ‘table. 4n independent check was -obtained by solving
the probvlem by the sefii-graphic procedure described in ref-
erende 7. o ' : .

In this procedurée four imaginary.pine were ineerted ia°
the ring, and the bending moments at the four pins were één«
sidered as the statically indeterminate quantitiee. The
unknowns were combined into suitable symmetric and antisym-
metric groups, and their uagnitudes were calculsated with the
aid of the minimum strain energy principle. Details af the
calculations are not’ given here, .only the values obtained for
¥pe Tpe and Np are guoted: . g

N, = 7840 inch-pounds T, = 8.86 pouédn_.ﬁn = 8460 inch-pounds (47}

The deviation of thé valwe of N, - ip equations (47) from that
in eouations (46) is about 1.6 vercent; with Np the devia-
tion is about 4.3 percent.: .-y -- .

+
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‘The agreement between ‘the reeulte of the graphlc and
the matrix analyels 1e aetonlishingly good taking into consid-
eration that in the graphic analyeis extensions and shearing
deformpticns wefe neglected, while the matrix calculation was
based dn the operations table which was eetablished with due
regard to ‘these types of distortione. For the purvose of
gaining further insight into the effecte of extenelonal and
shearing deformations, the influence coefficiente were recal-
culated neglecting the effect of these deformatione. This
amounts to setting 1/Y equal to zero in all the equatione
of reference 5, The operations table calculated with these
valuee of the influence coefficients 1s table 10.

In'tﬁ;iiopirations table section C 1e dleplaced tangen-
tially whonisver eection B is displaced tangentially, and thke
twvo dlspli4icemeats are always equal in magnuitude and eense.
Tris 1e a consequence of the assulption taat the ring, in
thlie case tre siraisht vortion BC of trho ring, docs not
changes 1tw leagth d.-ing the deformatisrs, DBecaucge of this
rigiuity of the sirright bar in ite own direction, 14 cannot
be drtermined wasthor a tangential reaction would bte taken
up by the constratat at B, or by that at C, Conceguently,
the targential force TBG i1e listed in the operationa table,
where the double subscript BC 1indicates thzt the reaction
may be at B or C,

It may be ééég that operations table 10 differs greatly
from operations table 6. Hevertheless, the matrix solution
of the system of “Iirear equetioneg comprisging the operations
table wae found to be very similar to that given earlier in
equations £45). The presont solution 18 as follows:

vy.= -0.25185 tach ' ' w. = 0,00£8334 radian

vy =:0.062543 4néh " ' cug < b, s £0.17491 inch)(48)

: Ve = 0,13340 ‘tnch - J

v =:0.000¢1890 raa{an

The moments and forces were again calculated as before.
“Some indicative-valuee are as follows:

= 7898.9 inch-pounds

= 13,133 pounde

= 8219.,3 inch-pounde
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The &ifference betwesn dorresponding values in equations (49)

and (46) 1s abowt20.9 ‘percsnt in the case of N, and:abowt: -

0.3 peroent in tNe cage of Np. A oomparison of all the fiVe’

solutions of -the problem is given below: .. Y.
[ Wy . -

-,

. Relaxation Oroying unit Matrix Graphic  Second matrix
' ST . . (inextensional deformations)

Ny (1n.<1v) . -’}6&7 7§7o.2 7970.2 7840 ° 7898.9

T 10) L L 17.73 13.2%  12.57 8.86 13.13%

¥p(in.-1b) ~ €501 _8.868" - salk 8460 . 8819.3

Bp(1v) k83 ' hggiE -499.8 ~500° ' 2500.0

Tp(iv) | fer.0b a2i52 25 -8.86 -13.152

Ehoémqment distridution ie shown in figure 9 for the so-..
lutions by relaxation, matrdces (including the effect of .
shearing and .sxtensigral deformations), and graphic analysis. -
The curves ;are very guch alike. . .

3 . ‘ L
» FURTHSR ILLUSTRATIVE EXAMFL3S
&he.Pnbblem of Distributed Loads .

The first example taken up in this chapter deals with
the calculation of the bending moment distributdon in a cire ¢
cular ring frame of a fuselage the loading of which .consists .-
of two equal and opposite forces which add up to a moment in
the plane of the ring, and of the balancing shear flow trans-
mitted to the ring from the sheet covering of the fuselage.
(See fig. 10.) . It is customary to assume that the shear flow -
can be calculated from the formula g = T/2A, "where q, 1is
the shear flow.in pounds per inch, T the-torque in inch-
pounds, and A the area of the circle in square inches.
Recent investigations by Wignot, Combs, and Enerud (reference
10), and by Hoff (reference 11) showed that in sections of
the fuselage adjacent to.-rings loaded with concentrated for-
ces the shear flow differe corsiderably from that predicted
by clagesical theory, unless the ring has an unusually: large
bending rigidity. .PBecausg:of its basic assumptions the: clas-
sical theory holds only at.a distance from the load applica-
tion which 1e of the order of magnitude of the diameter of
the fuselage,
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It 1e not:the purpose of the present report to investi- .
gaté the: shear, flow. in the thin:wall- of a monocoque furselage,
The report deals only.with the calculation of the bending
soments in rings the loading of which is lpecified It will
be aseumed, thsrefore,’ that the shear flow in the present ex-
ample 19 con-tant and has the value predicted by classical
theory.

The procedures developed in the preceding chapters can
Do easily extended to include the oeffects of distributed
loade.- The basic 1déa in these procedures wes to break up
the ring into a.number of units, and to clamp rigidly the end

.points of the units. The clamps were then removed partially

at the different points in turn permitting a change in the
value of one displacement coordipnate at a time. When one or
more of the units are loaded with distributed loads, as in
the present case with the constant shkear flow, the units can
be congidered as curved beams the ends of whioh are rigidly
clamped to the constraints., The statically indeterminate re-
actions (ircluding reaction moments) at the constraints can
be calculated with the atd of the classical beam theory.
Porces and moments -eoual ITh magnitude and ovposed in sense to
these reactions are the loads transmitted to the constraints
because of the distributed loads of the curved beams. Thees
forces at the constraints do not- differ in any respect from
the concerntrated external loads of the rings discussed in the
preceding chapters. They can be taken into account, therefore,
in tke manner shown before by relaxation, the growing unit
procedure, or by solution by matrices. The graphic method of
reference 7 takes care of distridbuted loads directly.

.Ths problem at hand reduces, therefore, to the calcula-
t1%n of the statically indeterminate reactions of curved:
beans, In reference 5 the calculations were carried out “for -
beams having arces of a circle for their median line the load-
ing of which 'consisted of a uniform shear flow. It 1s bVe-
lieved that any ring odn be represented by arcs of a circle
with an accuracy sufficient ‘for ‘engineering applications.
Similarly, "any variabdble shear .f1ow over an ar¢ may be Teplaced
by a nupber of conitlnt shear * flowu acﬁing upon portions of
ths arec, - AEEEELE I f

o e, g e - . . e I

. . .'f. .

Torilon ‘of & Ctrcuiar Rihg
. tn .
_Ajic ﬂn&n.- Figure 10 ehovs ﬁhe oirculur ring of a fuse-
lage and itw Loading. ‘The latter ‘considgts of two 200-pound
vertical lotdr of oppoaite |en|e, and’ the balancing shear flov
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transmitted :to the ring 'from the lheet covering. The inten-
eity .of the -heer flow 1s:

Qs T/aA = (X166 % 0ix 53/(zr-xzo ) = 1.1253954 pounds per inch
A & )
’ (50)

The cross-sectional area and the moment of inertia of the
section ehown in figure 10 are ;

A = 0,250 square inech I = 0.1666 inch®*

The latter 1e taken about .the horizontal centroidal axis,

The ratio ¢ of the effective ehear arca to the total croel-
sectional area of the section was calculated from equation (3
of reference 6: it

t = 0.160

Becaure of the antisymmetry only one-half of the ring
need be considered, The half ring 1e.subdivided in two units,
one extending from point A on the axis of symmetry to the
external load (point B), the other from the load to point G
on the axis of symmetry of the ring. The angles subtended by
the arcs are 45° and 1359, respectively. The parameter

Y = a1®/1

has the values 370.258 and 3332,32, reepectively, for arce
AB .and BC, With .y

45° = 0.785398175 radian and 135° « 2.3561945 radiane.
% and A . are. enlculated as in the ‘preceding chapter:

kx = 1,0120785 5 A = 0,9912535
Theee values are valid for botl ares.

Influence coefficlentsg.- The influence coefficientl
were calculated with the sid of reference 5 in the same man-
ner as was done for the erv-shape ring of the preceding
chapter., 3Since the croee section of the ring 1e constant,
EI 1s a constant factor in every influence coefficient. It
ie convenient to aesume ite value ag 10° pound-inches?
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rather than to use the actual value, If the unit dlsplacement
is taken as 1073 tnch and the unit rotation as 103 radian,
the influence coefficlents of aré¢ AB Ydecome:

Ty = 281,950 Try = -42.385 49,079
« 11,178 Tty = -20.569 52.296
- : (51)

= -29.966 nrp = -4,733 64.675

= 6,633 Ty =-22.441 T 51.51¢

influence coefficiente of arc BO

1.160 Tty = -0,419 0.322 | (.,

Bhy = 167.899 Aty = -10.942 1.563
Try
7in

T 86.5117 nrp = -8,842 6.632
Fip 1.116 rty = -0.624 - o.osaJ

Operations Table

The operatione tnble car be establieshed now according to
the princinles discueeced earlier. Because of the antisymme-
try points A and C cannot move vortically. (See refer-
ence 9.) Consequently, v, and vg are not listed in the

operations table (table 11)., Moreover, there is no need for
bnlancing out R, and Rg 1n the relaxations since whatever
values are obtalned for them during the relaxations of the
right-hand side of the ring, values of the eame magnitude and
opposite sense would bte caused by the antisymmetric distor-
tions of the left-hand glde of the rirg. It was also founé
*onvenient to move point C as well as A during the relax-
t 4 Thie is a deviation fror the procedure followed 1in
t elaxntion of the egg-shape ring.

Effect of the shear flow.- The next step in the calcula-
ts 1e the deterrmination of the effeect of the distrituted
shear. The reactione of the shear flew at the constraints,
acts 1por. the curved beams arnd taken according to tke beam
conventio f signe eshown in figure 6a, can be calculated

€ tions (33) of reference 5. For arc AB the values

+ et irents are:
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Divisgion of the numerator dqyérminantu by the denominator de-
terminant gives the moment, the redial force, and the tangen-

tial forece acting upon the beam at the support toward which
the shear flow is directed:

Bq

Tq

tq

The corroupoﬁ&fthQAIHeu for arc BC are:

0.14466366. r = 2.8932727

0.0005897221 qr® = 5.3093649

0.008936527 qr® = 4.0228506

0.05622000 qr® = 25.3078929

= =1,8350724 inch-pounds

= 1,3904153 pounds

= =8.7471509 pounds

b8q = 1.26215684 r = 25.2431368

-Ahq = 0.1489809 qr® = 1341.3002
br, = 0.7079546 qr? = 318.69158

-qu = 1.3379626 qra = 602.29481

ng = -63.135241. inch-pounds

Tq

tq

As mentioned befors, these forces and moments repreeent
The forces and the moment act-

A have the valuee given
If the signs, are now

the reactions upon the beams.
ing upon the constraint at section
in equations (54) multipliea by -1,

converted to agree with the rigid frame convention of figure
the final values becorme: :

= 12.624880 pounds:

= -23.869745 pounds
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Ny = «1,8350724 inch-pounds
. Ry = -1,3904153 pounds
T, = -8.7471509 pounds

In section ' B the reactions upon beam AB can be obd-
tained by multiplying by -1 the valuee given by egquations
(84) eince the shear flow ie directed away from point B,

Ths signe of the reactions so calculated are in accordance
with the beam convention. The different eteps needed for od-
taining ths effect of beams AB and 3BC upon the constraint
at B are summarised dbelow: t

¥y Ry Tp
{(in.=1d) (1v) (1v)

Reactione upon AB, beanm
cenvention, shear flow
awvay from B (from equa-
tione (54)) 1.835072¢ -1.3904153 8.7471609

Action of beam AB upon eyt
constraint, beam conven-
tion -1,8350724 1.3904153 -8,7471509
w ¥

Action of beam AB upon

censtraint, rigid frame . L -
convention -1.8350724 1.3904;53 -8,7471509

Reactione uporn BC, bsam’

convention, ehear flow .

toward B (from equa- .

tions (56)) -563,135241 12.624880 -23.859745
Action of beam BC wupon '
constraint, beam con- - o’
vention. 53.135241 -12.624880 23.859745

Action of beam BC wupon
constraint, rigid frame
convention -53.135241 -12.624880 -233.8597450

Total uhbalances due to
shear flow . -54.970313 -11.2344647 -32,.6068959
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The 100-pound vertical downward external load at B
also oontributes to the tangential and radial unbalanced
foroee. If this is resolved in the radial and tangential
directions, the result 1is

'

By = 70.710678 pounds T, = 70.710678 pounds -

Eence the total unbalances ars

Ng = -54.970313 inch-pounds
Bp = 69.4762133 pounds

Ty = 38.1037821 pounds

In gsotion C the reaotions are the values given by equa-
tione (58) .multiplied by -1 since the shear flow is directed
away:from point C., The action upon the constraint is ob-
tained by one more multiplication by -1. The change from the
bliﬂ cb"vention to the rigid frame convention-does.not entail
any chinges i these valuss. Hence the final.values. of thl
undbalances are .

‘Mg = -53,135241 1nch—pounds-1.*

Ry = 12.624880 pounds

Tg = -23.859745 pounds -

ant

SN

.~ The relaxation .wae carried out;

in table 12, It may be noticed that it was more advantageous
to es?ry oit operations on the longer, than on the shorter
aro.’ - Moreover, sequences of the rotations wg, wg, w), were
found useful, o °A :

From the total motions of A and ..B the radial force
at "A can bde calculated The motions.are, as computed from
table 12: . .. . cm e '

i, w1, 15 x 1073 radt&ns:.
ap = -4.87 x 1073 1; éﬁfq' s

5 'B" _e 95 X 10 . :Adian

'B-uB::O
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Theee motions must be multiplied by the respective influence
coefficients as given in equations (51). It should be remem-
bvered, however, that tn the calculation of the influence co-
efficlients the beam convention was used, so that the forego-
ing motions must be transformed to conform with the bYeam- :
convention, RKeference to figure & discloses that the signs
of w, and uy must be changed, while the lign of. wg

remains unchanged. ' Consequently,

w, = =1.15 x 10”2 radian u, = +4.87 x 102 inch

-3

vy = -2.96 x 10 radian vp = up = 0

With these values the radial force becomes

Ry = 1,16 % 42.385 - 4.87 x 20,559 + 2.96 % 4,733 = -37.3699
pounds

This force;’ édu-ed by the distortione, has to be andded to the
radial'‘force caused by the shear flow and giver in equations
(54). Altogether,

Ry = -37.3699 + 1.3904153 = -35.979 pound

Since the tangential force and the moment at A4 have
the value zero, the bending moment distridbution along the
ring can be calculated with the aid ¢of the elementary methods
of statics. The moments are caused by R, and the shear
flow along arec AB, and by R, the external load, and the
shear flow along arec BC. The actual calculation is not
shown here. It will be taken up in connection with the ana-

lytical solution of the problem., The bending momenﬁ'distrlﬁ
buti¢n is ‘shown in figure 12, .

aolut ion by the growing unit procedure.- The problem was

also wbrked out by the growing unit method. In these calcu-
lations point € was considered as rigidly fixed. This fizx-
ation means only that the three possible rigid body displace-
ments of the Ting in 1tp.plane-were eliminated. The changes
in the~shhpé of the’ ring caused by the loading were in no way
restricted by the assumption.

As a first step, section A was rotated through an angle
of 1073 radian. The effect of this rotation upon B 1is the

-
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appearance 6f,jhe unbalahces listed in the third to fifeh
columns of the operations table- (table 11), ;

Next:'aectibn B was displaced and'rotated. while sec- . -
tions A and C were held fixed._ln,such & manner as to balance
out the unbalanced forces and moment at B, The necessary
motions 9{ B vere ‘calculated from the following thres si-
Dultaneous linear equations:

| "-439.849 wp + 31.443 vy - 50.642 up = 29.966 |

31.443 wp - 12,338 Y3 + 20.14 ug = 4,733 (60)

-50.642 wp + 20.14 vy - 52.618 uy = -64.675,
The solution of ‘thsse equations i

¥p = -0.11135692 x 10™> ragian
¥ = 4.035013 x 1073 ypep (61)

Up = 2.880754 x 10™° ypen

The effect of these motione upon A ecan be computed from
the operations table:

NA 29,966 x 9.1}135692 - 4.733 x 4,035013 «+ 64,675 x 2.880754
170.5852 inch-pounds
-64.675 X Q.11;35692 - 22.441 x 4,035013 + 51.516 x 2.880754

50.6£3185 pounds

The effect of the-unit rotation of 4 upon A (when 3B is
Tixed) 18 listeq 4n the operations table: < .

Ny = -281.95 inch-pound: Tao = -49.079 pounas-

.

Altogether.

Ba.=% -281,95 + 170.552 « -111.398 inch-pounds
' S ) (62)
Ta = 50.653185 - 49.079 = 1.574188 pounds
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Thsee are the moment and the tangsntial force obtained at 4
when A 1s rotated through a unit angls, and B movee in
such a mannsr as to causce vanishing unbalances at B. In
other worde, Np, and T, of eouation (62) are influsnce

coefficiente of the expanded unit arc AC,.

Ths influence cosfficisnte of arc AC corresponding to
a tangential dieplacement of 4 can be obtained in a simi-
lar mannsr. When section A 1e dieplaced tangentially through
a distance of 1073 inch, tke unbalances st B are the iteme
listed in ths third, fourth, and fifth columns of the second
row of the operations table. Thsee unbalances vanish 1f the
motions of E eatisfy the following equations:

~439,849 wy + 31,443 vp -~ 50.642 up = -64.675
31,443 wg ~ 12,338 vp + 20.14 up = 22.441 (e3)

-50.642 wg + 20,14 vy - 52.618 up -51.516J
The eolution is

wp = 0.022242916 x 10 ° radian

3

vp = -0,53023016 x 10 ° 1inch

ug = 0.7546986 x 10°° inch J

Ths effect of these motione upon A can be computed from
the operations table:

By = =23.966 x 0.022242916 + 4.733 x 0.53023016 + 64.675 x 0.75469%6
50.653185 1nch-pounds
Ty = 64.675 x 0.022242916 + 22.1M x 0.53023016 + 51.51€ x 0.7546986
= 5§2,215509 pound

The effect of the unit tangentinl dieplacement of A upon
itself 1s agalin taken directly from the orerations table.

N, = -49.072 irch-pourds TA = ~-52,296 pounds
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Altogether. i e

N, = 50.653185 _ 49,079 .= 1.574185 inch-pounds (65)
4 al i ¢yt 4 65
: TA = 52.216592 = 52.296 = -0.079491 pPoungd

s g0 ‘.
i H

These 'are the influence‘coeffiéienta of are AC sought .,

ads acting upon B

The necessary motions
ations the left-hnng
those of ¢

and (62),
tions (58);

54.970313
~59.47621 -
-38.103782

The s0lntion 1g

B =.0.2815947 x 1073 pagqay
YB = 16.7320519 x 1073 y,.p
‘up = 6.8574788 x 1073 1,.p

The sffect of theae.displaceﬁbnta upon A §g;

L.

=29.966 x 0.2815947 - 47331 16.7320519 4 6&.6?5 X ‘G.25788

355.876% {ach-pounds
64675 « 0.2815947 - 22,417 x 16.7320519 + 51.516 % 6.8574738
= ~L,00984 poundg
These are the unbvalane by balancing out the
unbalances at 3,

caused at 4
Altogother.
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N, = 355.8764 ~ 1.8350724 = 354.04133 inch-pounde (- 5
67
Ty, = ~4.001964 - 8.7471509 .= ~12.749114 pounds

The unbalances quoted {n equaticns (67) miet then bve
balanced out by moving A which {e now considered aes the end
point of the expanded unit -aC. The requirement of -vanishing
unbalancee at A can be written with the aid of the influ-
ence coefficients of equatione (62) and (65) as

LN RN LT By 3 H
17 U111,398 wy 401 ,674185 uy = -354.04133
SR ."-:n )..'.‘.r.' . .‘(581
1.574185 wy - 0.079491 u, = 12.749114 1Y

¥ ).

The solution of these equations is

wy = 1.2660485 x 107> radian |
(69)

u, = -135.31193 x 10 ° inch }

The values contained in equations (65) completely de-
fine the deflected shape.of the ring. Zquations (61) and
(64) contain the data necessary for the calculation of the
motions of B due to the dieplacemerts of Az

g ~1.2660439 x 0.11135692 - 135.31193 x o.oéé2h2916 = «3.1507157
vg = 1.2660489 x 4.035013 + 135.31193 x 0.53023016 = 76.856074k4

uy = 1.2660489 x 2.83075% - 135.31193 x 0.7546986 = -98.U72U8F8
To these motione those undertaken when B was balanced must
be added. The latter are stated in equations (66), Alto-
gether, ' : .

wg = -3.1507167 + 0.2815947 = -2.869121 x 10 ° radian
vy = 76.8560744 + 16.7320619 = 93.5881246 x 10 ° inech 3 (70)

up = -98.4724888 + 6.8574788 = -91.615010 X 10 ° inch
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Bquations (69) and (70) represent the oomplete epecification
of the distorted shape of the ring sinoe section C was con-
sldored as rigidly fixed. The value of R, can now be cal-
culeted easily with the :;aid of the influence coefficients
listed in equations (51). It must be remembered, however,
that the influence ocoefficients are always calctlated in ac-
oordance with the beam convention. In 'this convention the
motions of end section B of beam AB have the same signe ae
in the rigid frame convention. The motions at 4, however,
muet be transformed to read:

¥y, = -1.2660489 x 10" ° radian
‘ (71)
u, = 135.31193 x 10 > 1noh

Hemneog, T

Ry -.42.385 x 1,2660489 - 20.559 x 135.31193 + 4,733 x 2.869121

+ 6.633 x 93.5891246 + 22.441 X 91.61501 = -37,93446 pounds

It must bde remembered that an unbalaneed radial’ férce of
~1.3904153 pound was“&pplied at A because of the distributed
shear, as etated in equations (54). If thiis {s added to the
value calculated above for B,, the following final ehear
foroe in section A is obtained: BRI

Ry = -36.544045 pounds " ¢ - (72)

Knowledge of the shear force in mection A pernitu Vhe caleuln-
tion of the bending momente in the ring. The calculations are
not shown here. They are discuesed in connection vith the
analytic solution of the problem.

The forces and the moment in eection C are’ now deter-
mined since they can serve as a check of the accuracy. T the
oalculations.  'If the influence coefficients given in equa-
tions (52) are used, ‘the motions of seotion B .as etated in
esquations (70) must be transformed to corform with the bonu
oonvention:

‘wp =:3,869121 x 10~ ° radian
vp = 93.5881346 % 107> inch
ug = 91, 615010 x 10> tneh
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‘s ey .

.
.

Bt RS )
s 56.5117:1:.23:869121 - 8,842 x 93,6881246 + 6 633 x 91, 615010
B! 0 e . [N
= -57,77668 Luch-poundc 2/l

= .0.842 x 2. 869181 + 1 116 x 93.6681246 ~ 0.624 x 91.616010

. - )
= 31.069316 pounds ! ’

P = 6.632 x 2,869131 ~ 0.524 x 93.5881246 + 0.0685 x 91,615010
PR M
= -23,736486 pounds

il

To these values must be added the forces and the moment caunsed -
at ©C by the shear flow in bdbar BC. Zquations (56) contain
these .gquantities, The signs, however, must be changed since
the shear flow is directed away from section G, Addition givee

o

Ng = -57.77656 + 63.136241 = -4.641309 inch-poundsy
Bg = 31.069316 - 13,624860 = 18.44444 pounde -
Tg = -23.736486 + 28.859745 = 0.123269 pound’

The terms Ng; and Tg should be zero because of the anti-'

symmetry. Since the maxjpunm: bending:-moment 1n the ring is
-482 inch-pound, the deviation from zero 4's only about 1 per=
cent of the maximum. The deviation of Tg from zero is

abodt 0, 1 percen‘ of ‘tlie" appiied iodd™~or 100" pounds.’ The S
cKdcx’ ‘ot g caﬂ be made’as followse:” Ri = Bg' fs" -B4. 98849

pound ‘This quantity reprelentl thp toéal lhear trnnlnitted
through the plane of eymmetry of the ring. The shear is aot-
ing upwgrd. because of the negative pign. The vertical conm-
ponent of the. shear flow acting upon the right hand side of .
the ring. 1s: 1,125395¢4 x 40 = 45.015816 pounds. This 18 alsp
directed upward. Altogether, thq upwnrd force upon one-half.
the ring i Aag L S -

>

64.98849_+,45,0168}6 = 100,004306 pounds

It should be equal to-the 1004pound downward ewxternal force,

R T S O T L
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i omly =t el Y,
!;1:1;_13131133:1 Eh. problem was 4lso -solvsd by the
method of matrix transformatione as shown in the appendix,
The motione obtained are listed below:

1.2646 x 10”> radtan. .
-135,3985 x 10"> ineh
-2,8709 x 10”3 radian

93.6280 x 10" ° inch

-91.6842 x 10”3 1inch

S8ection C was again held fixed.

The displacements according to equatlonph§?4) are in good
agreenment with those found by ths growing unit procedure and
listed in equations (69) and (70).

Analytic solution.~ In the analytic solution again the
lowsrmost point of the ring 1s considered fixed. (See fig,

11.) In the section at the topmost point the unknown tensile
fores T, shear force V, and moment N must be applied.

Because of the antisymmetry, however, N = T = 0. Hence the

bending moment is caused only by V, the external concen-
trated load of 100 pounds, and the shedr flow. The contribu-

ilon of the latter can be calculated with the aid of figure
1lb, .

LI i

The shear force acting upon the lnfinlteilhni element of
arc subtended by the angle A4t 1s qrd!. The moment 4N
caused by this shear force at » i@

DA
N = agral = r(1 - cos (p-E}] qrat

The moment My, caused at © by all the shear :flow from
E =0 to t =@ 4is consequently

Toe

) .. A
L -‘/P qr? [1 - coe (o -.{)] dﬁ‘- qr® (¢ - sin @) (78)
’ (]

Ths total moment is
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My = ar? (o - ein ¢) + v, ein w
when m < 45°

M, » ar3(p -

ein m) + Vr *in % 4 100 r(sin ® = 0.707) (7g)

+48° < @ < 1ao°

According,to.Castigliano's Principle """

If .the oper

ationg ipq
equation is

icated are carried out, the following
obtained

ar + v 4 (200/n)[(3n/8) -

(1/4) - 0.707] = ¢
Since

2= (100 x 25 & 0. 707)/(°nr
the shear force becomes

V= -36.5766
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It may be seen that this value agrees well with those ob-
tained for Ry, 1in the earlier solutions., ~“Substitution of
Qs 'r, and’ V' in equations (76) leads to the ‘final expree-
sions for the bending moments:

M; = 450,16 (9 - sin ®) - 731.53 sin @ = 450.16 @

! S A ' ~.1181.69 sin @, (78)

when 0 <o < 45°

-

ns
oy :
.

My = 450.16 (9 -~ &fn @) =~ 731.53 sin @ + 2000 (sin ¢’~ 0.707)

= -1414 + 450.16 @ + 818.31.sin @ . v (79)

when . . . . 45%9.2 9 < 130°

-

The bending moment diagram is shown in figure 18,

<7 7 - Torsion of the Braced Circular Ring

‘In actual ‘airplane fucelaces the rings are often inter-
nally braced wien large concentrated loads are introduced
into them., Such a braced circulnr ring is shown in figure
13. Since the addition of the hrace causes six more stati-
cally indeterminate quantities to appear in the calculations,
the work involved in the analytic solution of the problem of: .
the bending moment distridbution becomes very much more in-
volved than it was in the case discussed in the preceding
article, Because of the antisymmetry the actual work in-
volves only the determination of one unknown gquantity in the
ring proper and three unknowns caused by the braces. The
increase in the work is then as follows:

Calculation of 5 moment diagrams instead of 2
Calculation of 14 definite integrals instead of 2

Sélution of 4 simultaneous equntioﬁs for 4 unknano.
inetead of getting 1 unknown from 1 equation

In the methods proposed in this report, the additional
work consists only of the calculation of the influence coef-
ficients of the braces. Because of the effect of the braces
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the numerical values in the operatione table will be differ-
ent, but the nunmber of entries in the operations table will
remain the same. The eolution of the problem by, relaxatlions
or by the growiig unit procedure will, therefore, not iné
volve any more work thnn in the case of the ring without the
brace.: oL

The length of the diagonal is L = 36,955182 inches.
Its cross-sectional area is 4 = 0,125 square inch, and its
paximum moment of inertia I = 0,030833 inch® e1nce in the
caloulation of the influence coéfficlents of the 'ring 1n
ecuations (61), EI was agsumed to be 10° pound-inchees
while I was 0.1666 inch®, thel calculations will be con-
sistent only if EI of the brace 1s assuned

Bl = (o.ozoaas/o.lsss)lo6 = 125,000 pound-inches?

TR Sy 1.
This means, of course, that the deflections to be calculated
would be the actual ones 1f the material had a modulus of
E=6x 10° pgi. With aluninum alloys, of steel, the values
must be multiplied by a conetant fac.or.
'The ratiq" t = AT/L s, agaln 0.16. Oonsequertly.
Y = 5194 1131 ynd .the,product ¥f =-1311,0681. The influ-
ence coefficlente for the movable end of the stralght bar
vere caICulaﬁed fronm equattons ("5) of - reference 5:

e na ¥l o .

T W A Rr, = 6. AT B o
| gl Ary = -0.5 Bty (Ho)
E-'I-H = 0.0294516 ﬁ'—i =0 7 ﬂM = 20.2949 ( .

— ,
The influence coefficlents for the fixed end were determined
vith the ald of equations ( q) of reference 53

e

nng = -6.67292 afp = 0,544194 Aty = 0 (
: o 81)
ffp = -0.0294516 ttp =0 tt, = 20.2949(

Since in the operations tatle pointe B and G care
moved ‘tangentially and radlally to the circle, i1t les. neces-
sary to convert the above influence coefficleats into values
that correcspond 'to thoee disvlacements. ¥For instance, a
unit displacement at 3 tangentially to the ecircle downward
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to the night 1s equivalént to'a tangential (Tongitudinal) dis-
placqmont of —gin 22.5° .for the ‘straight bar combined with

.radial (perpendicular) displacement of cos 22, 8% ' for the
!traight'bar, when tHeé beam convention of figure 14b 1s used.
¥ith

. : . +
+ . sin 22,8° = 0.38268 ‘cos 22,6° = 0.52388

i boeLegrined : b :
the following forcee and moment are obtained at B, acting
upon the straight bdar and désignatsd according to the beanm
convention:

Ngp = -0.544194 x 0.92388 = -0,50277 inch-pound

Rgp = 0.0294516 x 0.92388 = 0.02721 pound

Tgp = ~20.2949 x 0.38268:= ~7.76845 pounds” . i

B '
where the subscript S3 dasignates that the forces:and the |
moment are bassd upon the eystem of coordinates of the . -
straight bar, They must" ‘te' -convertéd to conform with the
system of coordinates based on the circle bsfore they can be
entered in the onerations table. If the subseript CB re-
fers to the system of. coardfhates: of ‘the circle, and use 18
made of the dlagrame of figures l4c and 144, the following
valuee are obtained:

LET = Ngp = _0:50277 inch-pound

RCB =__RSB sin ?2.50 - TSB cos 22;59

= -(0,02721) x 0,38268 + (7.76845) x 0.92388 = 7,1667 pounds

Tgp = Rgp cos 22,5° - Tgy sin 23,5°
= (0.02721) x 0.92388 + (7.768455 x 0.38268 = 2.9980 pounds

The forces nnd the moment just calculated renrecent the action
upon “the struecture. Vultinlication by -1 convsrte tham into
the effect of the structurs upén the constraints, taken in ac-
cordance with thé rigid frame convention bared on the circle.
These values must bs added to thoce listed in the operations
table of the circular frame without bracing (tabdle 11). The
sums have been entered in the new operations table (tnble 13).
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The effect of a radial displacement. and of a rotation
ecan be found inh a similar manner.. As a further example for
the resolutions, ths effect upon C (the fixed end) of a
unit rotation of B (the movable end) 1s now considered.

A unit clockwiee rotation of section B of the circle ls
the positive unit rotation of .section B of the straight bdar
as shown 1in figure 14b. The forces and the moment caueed at
C by this rotation are given in equation (81):

NsB = ;6.6759h inch-pounds
R_SB, - 0.544194 pound

Tgp = O

These quantities are the forces and moments acting upon the
straight bar at C and taken according to the beam conven-
tion shown in figure 15b, A positive moment N3z at C is

counterclockwise. BEence, the noment Ngp ‘taken in accord-

ance with the rigid frame aonvention of the circle hau the
opposite qbgn:.- v o e 8 :

' e 4 oo PR A Lo Coannd
"'¥gp = -Ngp = '6:67392 inch-pounds

The radial force Rgp 18 resolved with the afd of figure 15¢:

Rgp = -Rgp ein 22.5° = -0.544194 x 0.38268 = -0,20825 pound

Tgp = -Rgp cos 22.5° = -0.544194 x 0.92388 = -0.50277 pound

The values of Ngg, RGB-".TGB must be multiplied dy -1

in order to obtain the effect of the structure upon the con-
strainte as reguired.for the operatione tabdble.

The operations table for the draced circular ring is
presented as table 13, It was used in the relaxations con-
tailned in tadble 14, As may be seen, the relaxations were car-
ried out in the same manner as in the case of the ring with-
out bracing. The abeolute magnitudes of the deflections were
found to:be much smaller than before, For the shear force at
A the value. -6,4964 pounds was obtained.

’
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The distortions were dotormined also by the growing unit
procedure, The individual steps in-the-calculation are not
€iven here since, except for the pumerical values, they werd-
{dentical with those presented in the preceding article,
Seotion C was again assumed to be fixed, The distortions
were found to de:

w, = 0.57486859 x 10 ° radian

6.499450 x 10 > ineh

-3

-0,04252816 x 10 radian

0.21585307 x 10”2 1neh

7.4627468 x 10~ ° inch )

Comparison of the values given in equations (82) with
those contained in equations (69) and (70) reveals the great
stiffening effect. of the, braces,

The value of the .shear force in section A was found to
bs ~6.460 pounds. This value deviates from that obtained by
relaxations by 0.6 peroent. The ‘bending moment diagram is
shown in figure 16. It may be seen that. the introduction of
the braces resulted in the reductior of the maximum bending
moment from -482 inch-poundc to ~68.1 inch-pounds,

The problem was also solved by the method of h;ttlcql.
The resulting distortions differed only ihsignificantly from
those listed in eguations (82), .

"

Torston ‘of the ﬂgg-shape Ring

The egg-shape ring and its antisymmetric. loading |hogn :
in figure 17 are the sams as those presented in reference 7,
The shape of the: structure is 1dentica1 with that used ear-
lier in this report when the beading moments caused by two
equal and opposite forces were calculated.' is in the caso
of the twisted circular ring,’ 1t 14 assumed that. the shéar
flow transmitted from the shept covering of the fuselage to
the ring 1s oonstant and can be calculated from the formula

.'q ..-T'/BL .
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In the present case the torque
T = 100'f 30 = 3000 tnch-pounds.
while the area tncluded'by the ring
A = 2757.642 square .inches
Hence,

q = 3906/12 x 2767.642)= 0.54394298 pound per inch

Whsn the operatlbﬁl tabls was est up, the shearing and ex-
tsnsional strain energiss ‘wers neglected. Thie 18 eguivalent
to setting 1/Y = 0, as was explained whon the londtng con~-
eisted of two equal nnd ovpoeite forcee., Ths angles subtended
by ths units conesidered are:

Arc AB 0.84%06211 radian

Are BC 0.52137719 radian

Arc DE 1.7721543 rndiane

The influsncs coefficlents were celcul&tod and the oper-
atione tabls wae establishsd according to ths vrocsdure dis-
cussed in the earlisr varte of this.report.  .The operations
table is reproduced as table 15.--It served as ths basie for
the calculation of the distortions hy the growing unit .method,
The distributed shsar forces wsre tnken into account as ex-
plained in connection with the torsion of the circular ring.
Point X was considered.as.rigidly fixsd., Hecause of the
anttsymmetry.sectton A could not move radially.

Solution- by thg g; w;ng unit methgd - The application of,
the growing unit procedure to this .particular problem con-
sisted of thrse main parte. In ths firet,the expanded units.
wsre established; in the second, the unbalances wers trans- .
mitted from sectiona B,.C, and D to sections & nnd E; and in
the last nart. ths unbalancse at A wsre sliminated.

Ths bendtng moment diagram wase cnlculated and is pre-
sented in figurs 18. Ths dotted lins rspresente ths bending
moments obtained in refersncs 7 by the graphic method. The
agresmsnt is reascnadbly good.
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1 -+ Torsicn of the S?ac,a i;dlShlph'hing

Pigure 19 shows the braced egg-shape ring and 1its anti-
symmetric-loading. The-éross section of the brace was taken:
the sare as in the case of the draced circular ring. The
length-of thé dlagonal 1s 64.983655 inches.  The influenée’
coefficlents were calculated and the operatione tabdle was és~ '~
tadlished according %o the principlés discussed earlier. Rt

The data contalned 1n the operatlons tabla (table 16)
served as a basle for -the calculstion of the deflections by
the growing unit procedure. Phe results are:

® radlan ''wy = 0.19370249.x 10 ° radian

vy, = -0.9703992 x 10~
u, = ~12.069222 % 10”2 ineh vy = 9.243786 x 10.° imch . °
A : _ . ¢

vp = -0.00896880 x 107" radlan wgp = -9.301078 X 1077 tneh’

[ B

vy = 1.9469763 x 103 inch |, wp = -0.1969324 x 10”° radlan
up = -12.30075 x 10~ inen- vp = 10.421443 X 107> tneh

The'motlonl of, lzétiohi A anﬁ B in conjunction with ‘the
influence eocfficientl permit the calculation of the shearing
force R, 1in section A: c 5

R, = 6.3015 pounds

.

The motlons of -B- and the influence coeffidlente of.the
stralght bdar . BE: .sufflce for the caléulation of the forces
and moments actins .on bar BE., When theee ,are known, the
bending moment di&gram nf the ring can be detqrmined. . .

The bending moment diagram is nrendnted 1n figure 30 St
It may be seen that ths bracing was very benefiglal in reduoo
ing the dending moments, : . . coe

OONOLUBIOIB

e LA
The subdect of .this renort 1: the nunorical calculafton s
of the dinﬁortionu of and the bending moments in riglad frlnou
(fuselage #ings) of arditrary shape upon vhich known conoen-
trated and ‘distriduted loads are acting. The calculations
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3.

conslat cf two major parte: the setting up of the equations
characteriszing the oroblem, and thni?‘uolution:

The squations are set up by dividing the frams into a
number of beams, each having a conetant radius of curvature
and & conetant {(often sero) dietribduted loed. The influance
ccefficlonts of the individual beame can be easily computed
with the aid -of ths formulse, tables, ahd grapht presented 1in
reference -5+ They cun be combined into 'quantitise that are
entered in the orerations table according to theée euggestions
made in thie report. The operntions table, together with the
external loade, completely defines tLe problem, and can al-
wayas be eetablished without difficulty. oS

On the other hand, difficulties are encdountered in the
sclution of the set of linear equations defined by the opera-
ticne table, The fundamental reason for the difficulties 1a
the fact that in most caees the bending moment, the normal
ferce, -and the shear force in sections of the frame are cd-
tained ae small differencer of large quantitioee.

Three nethods of eoclving the linear equations are pre-
sented, The first is the solution by Southwell's mathod of
lyltematic rela:atiora which is a procedure of atep-by-ptop
appreximatione.- Four numerical examples pive,an 1nd1cation
hew the individual stepe in the relaxation procedure may be
arranged so as to achieve a rapmid convergence of the proced-
ure. In moet cases, however, 1t 1e not eaey to find the
proper succeesion of steps, Because of this, the nrocedure
c¢f the growing unit wae deviged, In this procedurg._the in-
dividual beéame Are combined into unite of increawsins length
until finally the entire frame becowes a eingle unit, In " "
eaoch step of the calculation not more than three simultaneoul
linear equations .must be eolved. Tinally, the -third method"
1a the direct solation of the set of linear eouations by
means of the matrix calculus. The latter tvo proceduree are
straightforward-and can theoretically alwaye be carried out.
The work involved, however, increaees with the number of sub-
divisione chosen, and because of the smnll differences of
large numbers occurring in the computatione the use. of cal-
culating machines may become indiepenasabdle,

It is of intereat to compare the numericel procedures
here suggested with known methods of annlynis of the bending
moments in fueelage rings. Tully analytic methods have been
pudblished only for eircular and elliptic ringe for a re-
stricted number of conditions of loading. Rings of arbitrary
shape were discussed by Lundquist and Burke (reference 6),
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Hoff (reference 7),and du Plantier (reference 8), ringe. wigh
additional internal bdracing elements by Lundquist ahd“Burke
(rofcronco 6),. Bimple ring problems can be solved By any of
these nethodo with coémparative "ease, so that the procedurel
suggeéted {n this report show no particular .advantages in -~
these qaees; The numeriocal procedures qf this report become
ndvantngeon. whon one or more internal bdracing elements are
1ncorporatod into the frame. ' The additional elements entail
& slight increase in the work of setting up the operutions
table, dbut the solution of the equations does not necessitate
any.additional work. If the equations are solved by relaxa-
_tiolo. the.nunber of steps necessary may even become smaller,
Since in the eariter -methods the work involved in the calecu~
lations increasee rapidly when redundant bracing elements are
added . $0-the frano. the advantage of using the procedures of
this roport 1ncroaoe| with each addéd bdraeing elolont.

Polytochnic In-titute of Brooklyn,
Brooklyn. Rov !ork. Yedruary 1945.

!
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APPRNDIX
'DIREOT SOLUTION OF A SYSTEM OF LIKEAR BRUATIONS

As vas ehown in the bedy of this report, the operations
table represents a set of simultaneous linear equations,
The equations ocan be solved directly by the method of elim-
inations, Tne only difficulty lies in the great numder of
eimultaneous eouations and the corresponding great numbdber of
unknowns contained in the cperations table. Because of these
the numerical work-is far too cumdersome unless the opera-
tione are oarried out in a systematic nanner, The systematic
eolution of sets of linear equations is one of the subjects
of the matrix calculus, The elements of this discipline
needed here are very simple, An attempt ie made, therefore,
tc present them in an sasily understandable manner, .

Tirst a set of linear equations will be solvsd by the
methods of high school algebra, Then it will be shown that
the same calculations oan be carried out in a more ooncise
umanner through the use of the matrix calculus,

As an example, the folloviﬁg three equations contalining
three unknowns will be coneidered: .

2x+y+sad j (1a)
x4+ 2 y+z=9 o . (1%)
x¥y+ 287 (1¢)
Divide equation (1a) dy 2:. '
x4+ 06y + 0,6em=4 (2)
anbtraot (2) from (1v):

1.5y + o. 5 s =6 S U (sa
. S et e

Bubtraoct’ (2) rron (10):
05y+15s-3 S (%)

It luy"bo seen th.t eou.tionu (3) do not contain :' n’-
any more,. Next y ocan be eliminated from equation-.(3b) if..
first oquntion (3a) 1s divided by 3:
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0.6 y + 0.166 o = 1,66 (4)

-

o o e nee .
cTe 4 e .t Sob.

:nd)lubooquontly equation (4) is sudtraoted from equation
3b)3 e ... . }

1,333 ¢ = 1,233 (56)

lq%iti%i!?‘ﬁ)hhxab)v'idd'(la) oan now ba easily solved for
the wpknovns, * Obyiously, equation (5) yields

w LT £ =1 (6)
.lag:ﬁlfﬁt$%h ‘of equation (6) in equation (3a) and eolution
for,.7, . gives

2, . y =3 ?)

Iiiiiiileqﬁqyion (1a) ylelds after sudbstitution of equations
(8) and (7)1

P x =3 (8)

“The same prodlem will now de solved using the matrix no~
tation., The first aohievement of the matrix oaloulus is
eqonomy of writing, As long as the first column always oon-
talhs" the x terms, the sooond the y terms, and the ‘third the
8 termes, 1t 18 necessary tc rewrite x, y, and 'z, ‘' The si-
multaneous eguations arc charaoterised by the set of ooeffi~-
olente arranzed in an ordered array. Thus the left-hand
membere of equation (1) oan be repressnted by the set

‘2 1 1}
A= 1 2 1 (9)
1 1 2

It 49 oustomary to enclose the set .of ocoeffiolents with:
in draokets as shown in esuation (9)., A, or the set of ooef~
ficlents in braokets, is known ps a "matrix.” The nine num-

bers in the brackets are the "clemennts™ of the matrix,

The second important device in matrix caloulus its the '
operation called "matrix multipiigatipn.” This operation is
in many respeots very dlfferen{ from what is known as multi-
Plioation. in arithmetic and slgspra. It would bde better psr-
haps: to 001in a new, word. for, this operation in order to gvold

LY A S . e m
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nilunderstanding. Thise woulgd nece-sitate. hovever, the memg.
B rizing of some urtifioial expre:sion. Asg things stangd now,
he %peration is known asg "multiplication" in mathematics.
and eLgineery have ¢4 Conform With the Lsage, They shoujq
rememter, however, that matrix multiplication Weans the
o00omp:ex operatioy shown below, and rof What 80meone night
3 iiar expreesion "multiplication."

The Product of two Batrices jig ngain g matrix, the coef~
ficients °f whigp have ¢
lowing rule:

% oy gy 4 4 q, | €1 & g, |
' b, b, by [ x & e, e, = h, ‘ha hy (10) }
‘ 1 o “ | | F1 4 Ty PR J;_ ! .
'f where . :
! € = aa 4+ %8 + o 1
‘ . €a = aya, + "2® *+ a,r,
B3 = aya, + S48, Bsfy
‘ hy = b,q, 4 bye, + bar, ' (11)
h, = blda + baeq bsfe !
3 Tl + e o c.f

extended to Square Datrices of any order, The "orgepn of a
fquare matriy 13 equajl , the numbgp °f rows (op columng) j,
the matrix, Two exampleg of matrix multiplication are given




B O Should b, noted that, 4, generyl ® "matryx Prod-
aoss Shildgas 1 the factors in the Product (that is, the twe
Batricss) ar, lntorchanged. Tor instange ’

1l 2 3 0 7 2
X - . (lal’
l 1 2 1 LB 1

3 o] li 2l P
X

6
3",

(12v)
3 5

In equatioy (12a) ¢n, matriyx

/h o]
2 1

Pliea,» 3, ®quation (13p) »
Ratrix ] :

iz saig to by

[ ]
Premulty
Pliean by the

Postmulty.
1 27
1 2

aia Of the nul
i

tiplic
Ray now be wr

ation rule of matrioe-.
tten

2 the rollowing form:
1

= (s, 9, 7]
1 2,

1 1 3
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matrix ) a .

The "row matrix? [x, y, 3] .As 1dentiosl with the square

Appliocation of the multiplication rule to the left-hand mem-
ber of equation (13) yields

. s - IR g . o e
x y s 211 (2x+y+3) (x+2y+38) (x+y+ 28)

00 O0}xil 2 1}= o o 0 (14)
00O 11 2 o - 0 0
The right~hand member of equaeion (14) can be written as.a
row matrix .
[(2x + y + 3), (x + 29+ °'3), (x + y + 21)]
80 that equation (13) is equivalent to

[(3x + 3y + 2), (x+ 2y +2), {x +y+ 22)] = [8, 9, 7] (15

Equation (15) expresses the equality of twod matrices. Matri-
tee are coneidered equal if, and only if, 411 their corre-
sponding elemente are equal. If one equates corresponding
elemente of the matrices on'the two eides of the equality
aigh‘6f equaylon (16), the following alpebralc equations are
obtained: ) _— o

2x i+ y +'.2 = '8
X+ 2y + 59 R ¢ )

X +y + 2z =7

which are indeed identical bitﬁ equations (1).

It should be noted that when the matrix equation {13) {g
transformed into three eimultansous algebraic equations, the
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natrix {s read "downward," not from the left to the right,
in agreement with the rules of matrix multiplication. For
instance, the matrix equation

[x. v, 2] x 123] = [1, 0, 3]
54 2

23 2
1s equivalent to the three algebraic csquations

‘+ by + 2z

+ 4y + 3¢z

+ 2y 2z
and not to

+.2y + 3z

+14y + éz

0
'3

+ i3y + '2z

s
N )

This distinction cannot be noticed in the.case of equa-
tion (13), since there the square matrix is "symmetric,"
which means that eleménts in it are aqual 1t they are sym-
metrically situated to the princival Alagonal.. The "princi-
pal diagonai“ of a square matrix 1s the diagonal passing from
top left to bottom right, 3

The following results of matrix multivlication are worth
noting: :

(1) The matrix
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s called the %1aensity BAELXY 0f the third order. Tne
Ratrix i

in the idontity_nutrlx'dfﬁ Adn - identity ma-
trix of any ‘other order. 1y defined in a sinilar manner: It
i1s a squere natrix having 1 'fop its prinoipal diagonalY . ele-
Ments, and 0 fop @ll the othep elements, Now, apolication of
the rule of matrix nultiplicgtion shows that

-n -

f741 [-'ioo' 1

557 " lo1o0 57
123_]-.- 001 23|

[1 0 0] [3 3 3] 33
010 201 01
oon 123 23

It can be Seen that any square matrix remaing unchangea
upon pronultiplioation or ho.idontity
Batrix of the same order, .

(2) Multiplication yields

1 a3l 110 133
020 “lo1 o 020
3z 001 361

In other words, po-tnultfpiicqﬁ;on by the matrix

'

LR
L
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firgt matrix up.
econd ceolump into the sum of
88cond columne, In a similar vay, 1t

2300 10,50 210
81 0 1 o « 8 51
43 3 0 o0 1 46 2

H
-
H
i
i
i
3
,
¥

giral
first colump,

AL i

3

SFato il e

&
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left the first anad.

sesond: columns of the first matrix un-

83

changed, and transformed the third column into the sum of the
original third, and three times the original aecond colunns.

It nly be stated, therefore:

Po-tmultiplication by [ matrix in which ell principal

Ailconal elements are unity,
qth column 1s k,

equivalent to an addition to the
times the pth

metrix of k

the element in the
and all the other elements are pero,
coluan of the original

oth

row and
is

column of the origirel matrix,

.The effect of several nonvanishing elements off the - -

prinecipal diagonal can be underntood frow the example:

121 1 ) 0
021 X 012
’ 201 001

Here, pontnult}g};pltipnihz’eho matrix

[P 40

left the first, column unohanged, slded tn’t%l lecond colnnn-;-

110

0123

001

1.3 5
= 0265

(E L

the first colunn. and added to the third columh the doublse of

the second column.

may be utiliszed in the transformation of a nnt of lineur

oquationl.

The knowledge galned from these examples

In order to solve the matrix equation (13) for the un-
sides of ghe equation are firet

knowns x, y, and g, both
postmultiplied by the matrix

1l -0.5

-0.5
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Postmultiplication nﬁdn- that M, 1s written as a factor
belind the members of the equation:

[x, y, 8} x |21 1-0.56-~0.6{={08, 9, 7} x|[1 0,505
121 0 1 0 o 1 o | (17)

frrz o o 1. ' o o0 1
coedelo :

It was shown -in .equatione (12) that the order of factors in a

matrix product .is of :great importance. The result of a post-

multiplication differs, in general, from those of a "premulti-
Plioation" in which latter the same factor M; would de

written Yefore the membere of squation (13). The ruls for the
construction of M, 1s as follows! 5

(1) P111 4n the principal diagonal; that 1s, the diagonal
of the matrix running from top left to bottom
right, with the digit 1;

(2) P111 4n the remaining places in the first row with
the correeponding values of the original matrix
divided by the first element in the flrst row of
the original matrix (in the preeent example 2)
and by -1:;

(3) All the remalning elements of M, are to be filled
in with O,

If the matrix multiplication is clrried out, the follow~
ing r--ult 1s obtained . PRI s

P

tx. ¥y, 8] x 2..0. 0 =[98, 5, 3] ) ki§3

11.60,5

l1 0.61.5

This equation can be written in;an equivnlqnt rov matrix form,
1f so desired:

[(2x + y + 3), (1.5y +'0:5:). (0.5y + 1.5¢)] = (8, 5, 3] (19)

R R o LT S
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Ths matrix ¢
oquationg

It will be recogniged
sane ag ¢
thirda or
(3v)
1
equatione ag a

» respeotively,
achieved exactly

The matyr
cation of one

Poutqultlplicntion of

[z, vy, ¢ x 2 0 o
11,5 0.5

1 O.S'I.SJ

Yhen 1t 1, carried out,

| lay, z] x

he firgt of eguati
eouatione (20)
In other words,

the same tranafo
14 the al
sulted 1n equationg (3). )

ix operations qan now
more postmultiplier

X110 o

l—aoo'

Quation 1s again equivalent to threg algedbraie

3x + y+ 428
1.5y + 0.5 = 5
0.5y 4+ 1.5¢ a 3

that e (20) 1o the
second and the
¥ith equatione (3a) ana
Postmultiplication by
reation of the system of

ion thgt originnllx re-

the firgt of squation
» while the
are i1dentical

gebraice operat

be continuead by the appli.
Mz definea aq ERER
0

-0.33 (21)

1

followe;

®quation (18) 14 tndicated ag

= (8, 5, 3] x. ‘1 0o 0

01 -0.33 01 .0,33 (33)

00 1 0.0

1

the regult is:

= (8, s.';.;ssq T (28)

lis0 |- o »
- . . ' .

1 0.5 1,333
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Bquation (23) may bs written 1n-the rov-mat%ix form:

[(2x + y + 8), (1.5y + 0.5s), (1.333¢)] « [8, 5, 1.333] (2¢)

This matrix equation 1s equivalent to the three simultaneous
algedraic squations

2x +y + g =8

1.5y + 0.5z = & (25)

1,333g =« 1,333

Oomparison revsals that the first two of equations (25) atre
identical with the first two of equations ?30). Consequently,
ths first of squations (35) 1s the same as the first of squa-
tion (1), and the seoond of equatione (25) fs the same as
squation (3a). The third of equatione (25) ie identical with
equation (5).

. Thue, it has been shown that the two datrix multiplica-
tions' tndicated in equations (17) and (22), respectively, re-
sult in the eame set of linear equatione as those obtained by
the use of methods of hish school algebra. The characteris-
tic property of the eet of equatione (25) ts that the last
equation contidins one, the middle one two, and the firet one
thriee unknowne. Because of this promerty tke equations can
be earily solved one by one, as was done in equations (6) to
(8). The equare matrix in eouation (23) is just a convenient
representation of the left-hand meaber of equations (25). It

.falls into the category known as "triangular® matrices De-

cause all fts elements &are zerc on one side of the principal
diagoral.

It 15, therefore, the purpose of the postmultiplications
to transform the oriainmsl watrix fnto a triangular matrix,
which can be solved then by elementary algedbra without any
difficulty.

The p}écednre as developed here may seem to be lengthy.
A consideradle part of the material vresented, however, was
purely exvlanatory and can be omitted from the actual calcu-
tions. The essential features were:

(1) Representation of the equations by the matrix of
the coefficients of the unknowns




FAGA X ¥o, 908

and dy the row matrizx of the right-hand side
[e o 77
(2) Gonstruntion of the postmultiplisr -

1 -0.5 -0.5
(e)

lecerd@ng to the rules
(a) Zlenmonts of the péincipil di-gonii have the valﬁe.l:'
(v) Elements of the firss row off the .principal diagonal
are equal to the correaponding elements of the
original matrix divided by the Principal diagonal
elerent of the first row and by .-1; .

(c) All other elements are 0,

(3) Fostmultiplication by M; of both the square matrix
and the row matrix: C . o -

211 1-05-0.5| = |23 0 o |
121 | © 1 o [ e |11.50.5
112 © o0 1) " |'1'¢i51.5

[8, 9, 27 x [1 ~0.5 -0.5 "'[e: 5, 3]

©o 1 o
°© o 1




eonltructod

1a (3),

It may be noteq that
Squation (21)) by
row, - .

M*, can be obtaineq from i

iret

elenenl
gight-hand Dember o¢
is o {

can be omitteq
fouation (4).

[5, 33 (3

(k)

Square

Colunmp of the

bDatrix Conpslgt e or
right-hand 8ide
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nenb;r.of equation (d), and of the right-hand side nemdber of }
. equation (h}: ;
' ' 2 o0 o !

1 1.5. 0 : 1)

l1 0.5 1.333

(7) The complete transformed prow matrix consists of the
first element of the right-hand side member of eguation (e),
; and of the right-hand side member of equation (hg:

(8, 5, 1.333] S (m)
(8) The complete traneformed matrix equation can be |
{ ¥ritten as a combination of (1) ana (m) ae follows: C )
y
l’ i : '
‘; {x, v, 2] x |2 o ] = [8, 5, 1.333)] (n) | - E
{

1 1.6 o , : !
1 0.5 1.333 '

- This equation 1a fdentical with eouation (23) and can be
80lved as explained below equation (23)... .

The operationg outlined in the Preceding eight pointe
can be arranged concisely aceording to the following scheme:

8 9 ? I ;
2 1 1 -0.5 -0.5 . B
1 2. 1 1 0 -
‘ 1. 1 2 o] 1
5 3

|
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The first line in the scheme represents the original
row matrix (b). Below it 1s arranged the original square
satrix (a). To the right 1s the postumultiplier (¢) except
that 1ts first column is omitted, Thie firet column is not
nesded since 1t would enter enly in the caleulation of the
first column of the matrix product which need not be revwrite.
ten since 1t remaine unchanged as explained under (4).

The values under the first full horizontal line are odb-
tained by postmultiplying the row matrix [8, 9, 7] by the in-
complete postmultiplier., This postmultiplication 1s carried
out exactly according to the rules of matrix multiplication
glven earlier, Because 0¢ the incempletenese of the post-
pultiplier only two vlements arc obtained in th:o product,

The first ie

{8 x (-0.5)] + (9 x1) + (7?7 x0)s5
the second

{8 x (~0.58)) + (9 x0) # (? x1) =3

Since the omitted first column of the nmostmultiplier contained
the elementes 1, 0, O, multiplication by 1t would have given 8,
ths unchanged value of the flret element of the row matrix,
This need not be rewritten.

i The 'square matrix under the row 5, 3 1e conputed in a
similer manner by peetzultiplying the orliginal square matrix

by the lnconplete postrultiplier. Multiplication of the raw
2, 1, 1 would give: '

(2 x (-0.5)) + (1 x1) + (1 x0)=o0
[2x (~0.5)] + (L x0) + (1 x1) =0

Thase two xeroe need net be listed. Multiplication of the
sscond row ylelds

{1 x (~0.5)] + (2x1) + (1 x0)w=1.,5

{1 x(-0.5)]+(2x0) +(1x1) = 0.5

These two values are listed 1in the first row below the dotted

line. The elements in the sncond row are obtained in a sinmi~
lar manner:

et e IO TR =

R P

L Pl e

e . A
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(1 x (-0.5)] + (1 x 1) + (2 x0) = 0,5
[1x (-0.5)] + (1 x 0) + (2x1) = 1.5

Ths column to the right is the second columnn of ths post-

multiplier (g). The first column of this postmultiplier 1s
again omittsd as unesesntial for ths computations.

The last two numbers in the scheme are computed by multi-
plication by the incomplete second postmultiplier in the same
mannsr as described in connection with the preceding opera-
tions.

It nust be emphasized that the scheme given does not con-
tain a conplste ‘presentation of the matrix multiplications.
It 18 just a convenient ehort-hand reproduction of the compu-
tations given in more detall under (1) to (8), TFamiliarity
with this scheme of operations makes 1t nossible to reduce
quickly, with the least amount of time wasted in writing, a
given set of linear equations to the diagonal form.

An example 1e now ¢iven, without explanations, for the
reduction of a set of four equatione.

The eouations are:

4x + 2y + z = 11
2x + 3y 16
x + 28 + 11

2y + =z 11

i

The computations can ba arranged ae follows:
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Hence, the transformeq 88t of equations can be writtep
.in the matrix form g4 follows: L )

[x. v, 5, v] «x 4 0 0 ) = [11, 10,5, 10.875, -9,55)
2 2 0 ()
1-0.5 1,625 ¢
0o 2 1.5 .3.3s95




NACA TN No, 998

This matrix equation {&’ equivdxent to' the four algebraic
equations:

4x + 2y + 5 11

2y -~ 0.5z ° + 3w 10.5

1.625 + 1.5w 10.875

- 2.,385w = ~9.55

The last one of the equatidno'givéd'imnedlatoly

v = 4
Substitution in the preceding equation ylelds

1.625¢ = 10,875 ~ 6 = 4,875
Hence,
I

Subetitution of v “dnd = 1n the eecond eéﬁqﬁ&on'ren@lt: in

K 2y = 10.5 - 8 + 1.5 = 4

Conoeqnenflf;

Finally, there 1s obtained,

4x = 11 - 3 - 4 = 4

and thus,

When the number of eimultahecus 1llnear equntipns le
large, the coumputational work 18 greatly’ rouuced by the usge
of a calculating machine. A calculating machine may become
necessary aleo for-reapsons of acctirac$, whei the computatione
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happen to involve small.differences of large numbers. An ex-
nmply 1s now given fer the solution of seven equations with
sever unknowne, Tha enuations represent the problem of the
egg-shape ring with aymmetric loads.

In thlis example, ae in all the matrix computatione of
this repor%t, the,worz.of writing was further reduced by the
adoprtion 5f the rcllowing scheme. Instead of writing out the
entire matrix =wyitinller, .uniy the firat r-ow is put down, nnd
even the Tirast elemsnt of the first row 1s unitsed. It may
be remembered that all the elements omitiea are eithsr equal
to unity, or to gero.

The first row:in. tabla 17 contains (-1) times-the exter-
nal losds of the egg-shape ring with eymmetric locads. The
following seven ross, under the dottsad lino, nre identieal
with the rows of the operations tetle (tabtle 6). The next
row, under the golid line .and included in rarentheses, pre-
sents the multipliers. They are (-1) times the ratios ob=-
tained by dividirg the elsmentsg of the firet row under the
dotted line, excépt the first element of :this row, by the
first element of the firet row. Thas first rattio,
-(8.92316)/(-3.34833) = 2.66455, 1s listed 1in the second
column (in the columa of 8,92216). The other ratlos follow
in the third, fourth, and so forth, columne,

. .s32he .rov under the .ratios contains the transformed exter-
nal loads. The value in the 1th column of this row is ob-
tained by multiplying the first element in the first row of
the table ty the multiplier in the 1th column and adding to
the product algebranically the value of the element in the
first row and the %th column. Thue, for instance, in the
second cclumn the value 133,233 was calculated as follows:

2.66466 x 50 + 0 = 133,233 .

It may be seen that in this manner only six transformed ox-
ternal losd elements are obtained from the original seven
external load elements, .

Following the same rule, the original seven-by-seven
matrix 18 transformed into the six-by-six matrix contalned
between the second dotted line and the second full ones. For
instance, the element in the fourth colump and the thirteenth
row of the entire table was copputed as follows:

. e 1

"3.96771 X71,18498 . 30,9566 a ~35.2549
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This scheme= is followed until the external load elements
are reduced to a single element, and the matrix is also re-
duced to a single element. The leading columns represent then
the equations of the triangular esystem. For inetance, the
leading column of the third step may de written as

-1.77854 vy + 0,204688 up -~ 8.96572 wg + 0,775767 vg = -38.3834

The leading colurmn of the sixth step is!
=1.034845 vg - 0.554970 ug = -19.2443

The full set of these equations can be solved as shown
earlier.

Aes a second example of the procedure actually used in
the calculations, table 18 is presented. It cortaine the
transformation of the matrix of the circular ring with anti-
symnetric loads, .

More information on matrices, written fror the standpoint
of the pereon interested in applicatione of the matrix calcu-
lue to prodblems in pkyeics and engineering, may be found in
"Elementary Matricee and Some Applications to Dynauwice and
Differential Zquatione” by R. A. Frazer, W. J. Duncan, and
A, R, Collar (Univereity Press, 1938). The procedure used in
the present report can be shortened further if advantage is
taken of the fact that all the matrices discussed in this re-
port can te set up in a symmetric form., Such a eimplified
procedure was suggeried by M, H. Doolittle in "Method Employed
in the Solution of ovrmal Equations and the AdjJustment of a
Triangulation," U, §. Coast and Geodetic Survey Report, 1878,
pp. 115-120. A discussion of the Doolittle technique may bde
found in an article by Paul S, Dwyer in the Neccember 1941
ierauc of Lhe Anrals ¢f Muthematical Statistics, Vol. XII, lio,
4, 1y, 419-458., A nore wmodern appronch tc t sclution of
simultunecus equations arising in engineering i civen in the
raper "A Short Yethod for Evaluating Determinunts and § lving
Systere of Linear Zquations with Real or Compley Cce®ficients!
by Prescott D, Crout, Transactions A,I E,E vol, #0, 1941,

p. 1225, HEl )
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Table 11, Operations table for oircular ring

N T N R T
indp, A B B =
1b, in--lbl 1b. 1b,

(1] %, *10 3 g, “281.95 [~49,079 | -29,9g6 ~4.733 | 64,675
[z}u‘-m"in. ~49.079/-52.296 | 64,675 22,441 | 51,516

{3] IB”IO'GrId. =29,966 64.876 | -439,849 31.443 |-60,642 6645117 | 6.g32

[¢] V510340, | g 753 “22.441 | 81,443 [-12,335 20,14 8.842 | 0.524

(5] up.10-315, 64.675 | 51,516 50.642 [ 20,14 |-52,618 6.632 | 0,0885

[6] w,"10"3raq, 56.5117 | 8.842 | g,632 -167.899 | -1,563

‘[7] U 10"34n, 6.632 0-52¢ | 0,0885 | -1,563 | 0,522
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Operdtion

Table 12, Relaxation Table for Ciroular Ring

N
A
“.1b.

T
A
1bl

ine-lb.

%

1be

Ty

1b.

Nc
in.=1b.

Te

1b.

External
loads
0.42(6)

=~1.836

-8,747

=54.970

23475

59,4768

3071

380104

2.78

=634135

=664

=23 4860

=0,655

=76.,2(7)

~l.84

=31.22
~-5086

63.19
=399

40,88
~5.21

~1159.5
119.2

24,6
24.6

-2,0[3]

~1.84
60.0

~536.2
880

2343
~62.8

35'67
101.2

=0.3
~113.0

0.l
~13.28

1{1]

5842
=282

34348
=30.0

=39.5
~4,7

136.87
64,7

=11343

-60{73

~223.8

313.8
=398.0

~44.2
=31.4

201.68
4,1

~113.3
93.9

-0,35{6]

=223.8

=84,2
~19.8

~75.6
=36l

~19,4
55.4

-0,90[3]

=223.8
27.0

=-104,0
396

=78.7
=28.3

36.0
=50.9

0.1{1)
-0,1{6)

)
=0,06(3)

~196.8
~28.2

292
=340

=107.0
=0,5

=14.9

=225.0

289
=546

=107.6
=0.9

=14.9
15.8

=225.0
let

283
28.4

-10804
~1.9

0.9
~3+24

04051}

~4.87(2)

Results of
a check
table

=223,2
=14,1

3l.14
~1.5

~110.3
=042

=234

=237.3
239

309.9
-316

=110,5
109.3

2434

1.6

~1,944

=64l

~7.246

=1.2

~2434
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Table 14. Relaxation Table for Braced Circular Rini

t1
Operation ’A TA NB RB Nb Tc

in.~1lb. 1b. in.~-1lb. .1be ine=1b, 1b.

External
loads -1.835 -8.747 =54.970 59.476 -53.136 -23.860
~0.4(6) -19,92 «3.45 6846 0.424

-1.,836 ~8.75 ~74.89 664026 15.46 -23.436
-8,317) ~59.15 -64405 8.80 27.6

-1.836 ~8.75 -134,04 -8.02 24.26 4.2
-0,375{3] }11.25 -24.25 170.0 -11,70 ~18, 70 ~2467

9.41 3640 -19.72 5.66 1.5
0.1{1} -2842 =340 0447

-18.79 33.0 -19.25 5.56 1.5
-0.24[4] 1.14 -7.5 7.13 ~2.07 -1,85

-17.65 25.5 -12.12 3.49 -0.35
~0,056{3]) 1.50 22.6 -1.56 -2.49 -04356

'16.15 48.1 '13.68 1.00 '0.706 i
0,084{1] -18.,05 ~1,92 =043

-34.2 5 -13.98 1.00 ~0,706
0.1[4] -0.47 -2.97 0486 0.771

=34,67 =16.95 0,068
0.01{1] -2,82 -0.06

-37.49 -17.00 0.065
-0.795[2) | 39.1 17.8

1.6 0.8 0.065

Results of
& check
table 1.5217 -, 05656 ~¢072270 | 0.C1066 | 1.,8278 000159
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Table 17, Matrix Solutien of Egg-Shaped Ring With Symmetric Loads
% mn %

50 0 0 0 0
~T.5%683 | B02218 T -2.8081F [ 86877 TI "o
8.92218 | -327.868 | 11.4897 | -13.1014 | -81.242
“2,60614 | 11,4697 | -4,00991 | 3.4352 -8.10267 | 0.88158
3.96771 | -13.1014 | 3.4352 30,9566 0 0

0 -81.242 | -8.10267 0 ~288.367 [ -2,95622 | -5.24667
8.10267 | 0.681580 0 ~2.95622 | -1.90205 | -0.88929

0 0 26,2068 | =5.24667 | -0.88929 | -27.0833

(2.66486 | -0.805219| 1.18498 0 0 o )
135,288 | -40.2810 | 59.249 0 0 0
304,081 7] T Z.26%4 7] ~2.5886% 7| eT.%d2” [E10287 | T4 T
4.28540 | -1.83895 | 0.240328 | -8.10287 | 0.66158 0
-2,62880 | 0,240325 | -26.2549 0 0 28,2058
-81.242 | -8.10267 0 ~288.367 | -2.96622 | -5.24667
8.10267 | 0.66158 -2.95622 | -1.90205 | -0.88929

0
0 0 26,2068 -5.24667 | -0.88929 | -27,0833

(.0140925 | -+0083169 | 2013936 | .0266455 o )
-38.3834 | 66.1410 | -28.85285 | 3455006
-1.7786& | 0,2046 ° «7756787
0,204688 | -26.2539 [ 0,50928 | -.0673811 | 26.2068
~8.98572 | .509282 | -276.033 | ~4.58804 | =5:24667
0,775767 | =.0675810 | =4,588046 | -1.68615 | «0.88929

0 28,2058 | -5.24667 | -0.88929 | «27.,0833

b — — -

(+1150888 | =5.041066 | 0,4361819 o )
53.7286 | 1664661 | ~15.1921 | _ O _ _
-28,2108 T 0.52286 | .0219001" [ 26.2068
-0,52257 | -280.836 | ~8.49872 [ -5.24667
4021901 | ~8.49875 | -1.34777 | -0.88929
28.2058 | -6.,24867 | -0.88929 | -27,0833

(-.0199872 | «0008365549) 0.999828
165,590 | -13.1472 | 53,71426
230,828 [ -B.29518 T ~b.76905
-8,49917 | =1.34779 | -0.867593
-5+76914 | -0.867394 | =0.882007

(-+0368206 | -,02499353)
-19.2445 | 49.57559
v «1. 054846 | -0.654970
g ~0,654970 | ~0.737816

(-+632915)
6175560
0.5232757

B e aat -
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Table 18, Matrix Solution for Circular Ring With Antisymmetric Loads

%

LY

Ng

1.83607

=49.079
=29.968
447334
644675

8474716

54,9703

T T T-20.568

64.675
~22.441
51.518

84.675
=-453.287
31.2348
«50.1390

~224441
31,2348

«29.6649
12,9762

=5041390
12.9752
=56.6152

(=+17407
8.4277
={3.76e8 T
69.89118
=21.61706
40.25804

~+10628
654.77527

=-450.,1022
31.7379
=-57.0127

BRCEAE L

«,016788
_=59.5070
-21.61708 ~ ~
31,7379
-29.5854
11.88943

«2293846)
~37.6829
T T40.2580
-57.012756
11.88943
-40.7797

(1.59744
68.23776
.11 Y-t A
247934

7+29690

-+ 894073
=-63.6709

0.920124)
-29.52837

ML T T 7|7 "m0

~18.9050
~8,00098

=8.00096
«3.73731

(~.00826334
=64+23409
<18.88195" —
«8406119

+02155608)
=28.4574
" T =8 08115
~3. 58004

(~0.4269211)
=1.03431 _
=.13852
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Figs. 1,2,3
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SECTION D-D
(ENLARGED)
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loo#

FIG.l. CURVED BEAM.

X(u)

FIG.2. ARC AB.
FIG.3. ARC AC.
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FIG.5 EGG-SHAPED RING WITH SYMMETRIC LOADS.
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FIG.8 DEFLECTED SHAPE OF EGG-SHAPED RING
WITH SYMMETRIC LOADS.
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FIG. 10.
CIRCULAR RING WITH ANTISYMMETRIC LOADS.

FIG. LI.

NOTATION FOR ANALYTIC SOLUTION OF
RING PROBLEM.
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(ENLARGED)

SECTION p-p
(ENLARGED)

FIG. 13.
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FIG. 14.
RESOLUTION oF DlSPLACEMENTS AND FORCES,
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BENDING MOMENT DIAGRAM OF BRACED CIRCULAR RING.




FIG.17 EGG-SHAPED RING WITH ANTISYMMETRIC LOADS.
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FIG.19 BRACED EGG-SHAPED RING WITH
ANTISYMMETRIC LOADS.
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FIG.20 BENDING MOMENT DIAGRAM OF BRACED
EGG-SHAPED RING IN TORSION.
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